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Abstract

We study the efficient prediction of local observables in quantum lattice systems
at zero and finite temperature through a unified locality framework that covers both
gapped ground states and Gibbs states. Leveraging Lieb-Robinson bounds together
with quasi-local propagation filters (quasi-adiabatic spectral flow at 7=0 and quan-
tum belief propagation at 7'>0) we derive parallel derivative identities and show that
a local perturbation effectuates an exponentially decaying local response. In the ther-
mal setting, we arrive at an explicit decay rate pg = min{v /2, pn/[88 (vLr +7/B)]},
which leads us to a logarithmic radius-accuracy law: dg(e) = ugl(log(Kg/e) +¢p).
These results guide us directly to a learning theory: a locality-aware feature map
and £1-constrained linear predictors (LASSO) achieve population risk (e1 + £2)? +e3
with sample complexity O(N(e1)e; 2 log|S]), and symmetry (equivariance) reduces
the logarithmic factor to log|S/G|, yielding constant-in-n behavior on translation-
invariant rings. For power-law interactions we recover polynomial radii for a > 2D
and observe a breakdown of efficient locality when a < 2D. We verify our theory
with a purification-TEBD pipeline on disordered Heisenberg and long-range Ising
chains across temperatures: (i) open-boundary Heisenberg demonstrates logarithmic
growth of required samples; (ii) periodic/equivariant Heisenberg is nearly constant
in n; (iii) Ising with e = 3 shows near logarithmic growth; and (iv) o = 1.5 displays
significantly steeper, approximately linear growth. Our framework advances a sin-
gle, temperature-aware technique from physical locality to finite-sample learning
guarantees and practical algorithms for predicting thermal quantum observables.
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1 Introduction

Predicting properties of quantum many-body systems is a central challenge in physics
and quantum information. Direct simulation of ground or thermal (Gibbs) states is
generally unmanageable because the Hilbert-space dimension grows exponentially with
the number of particles; storing an arbitrary n-qubit state requires 2" complex amplitudes.
In worst cases, ground state problems are QMA-hard [15]. Fortunately, physically realistic
systems often exhibit structure that renders local predictions as tractable, whether that
structure be geometric locality of interactions, spectral gaps, or clustering of correlations.
In short-range gapped systems, Lieb-Robinson (LR) bounds impose a finite "light cone" for
information propagation. Together with gap assumptions, they can result in exponential
clustering of correlations and quasi-local responses [19, 12, 10|. These components make
up quasi-adiabatic spectral flow (QASF), which transports ground states within a phase by
almost-local unitaries [12, 2|. We are able to understand that distant degrees of freedom
have exponentially small influence on local observables; so one may learn or approximate
local physics using only nearby data.

1.1 The challenge of predicting many-body observables

We confront the challenge that if given a local Hamiltonian, can we efficiently predict
expectation values of local observables in their ground state (7' = 0) or Gibbs state (7" > 0)
to accuracy ¢, using resources that scale polylogarithmically (ideally, constantly) in system
size.

A naive approach reconstructs the full state (exponential cost). However, a more
promising method is through learning: train from measurements or smaller instances and
generalize, provided that the inductive bias reflects geometry and locality. A growing
literature shows that, within a fixed phase of matter, geometric priors drastically reduce
sample complexity. For ground states, recent works show polylogarithmic or even sample
complexity independent of size when the predictor is locality aware and trained within
one phase, see, e.g., the main theorems in [18, Sec. 1| and |27, Sec. 1]. Furthermore,
[27] extend the framework to settings with long-range interactions and symmetries by
exploiting locality and equivariance.

Why locality enables learning

For gapped short-range models, LR bounds and QASF imply that local perturbations
produce exponentially decaying responses in the ground state [12, 2|. Thus the value
of a local observable depends weakly on couplings far from its support, enabling local
truncation arguments and neighborhood predictors.

For thermal states, we notably find that the same pattern holds. Gibbs states of
short-range Hamiltonians exhibit exponential clustering under standard conditions, and
local observables satisfy locality of temperature, meaning that their values depend on
couplings in a finite neighborhood [16]. Quantum belief propagation (QBP) imparts a
valuable mathematical framework for thermal responses. The QBP derivative identity
expresses parameter derivatives of thermal expectations through a time filtered Heisenberg
evolution with the explicit kernel kz(t). By combining LR with a A-split analysis of kg
[25, Eq. (IIL.5), Lem. I11.2], we are able to establish quasi-locality of the filtered operator
(we will go into further detail of all these steps). As a result, thermal responses decay
exponentially with a rate set by the Lieb-Robinson data and S. This validates our overall



goal to learn local observables from local information.

In both the ground state (" = 0) and thermal (7" > 0) cases, physical locality
fundamentally constrains the statistical complexity of the learning problem. This constraint
manifests through three connected mechanisms: first, Lieb-Robinson bounds ensure that
information propagates with finite velocity, producing quasi-local response functions.
Second, the presence of spectral gaps or exponential clustering of correlations restricts the
effective range of quantum correlations. Third, the mathematical frameworks of quasi-
adiabatic spectral flow (QASF) for ground states and quantum belief propagation (QBP)
for thermal states elicit constructions of quasi-local generators and filters, respectively.
Taken together, these three mechanisms suggest that, in order to reach accuracy ¢ on a
local observable, only couplings within a finite radius §(¢) matter (quasi-adiabatic spectral
flow at T'= 0, QBP at T' > 0). As a result, learning architectures that enforce these
locality constraints achieve polylogarithmic or even constant sample complexity within a
given phase of matter [18, 27]. These guarantees align with the physical locality intuition
developed in [12, 2, 16, 25, 10].

1.2 Research aim and contributions

Aim

Our aim is to develop a unified theoretical and empirical framework for efficient learning
of local observables in both gapped ground states (7'=0) and thermal (Gibbs) states
(T>0) of local quantum lattice systems, by leveraging Lieb-Robinson locality, clustering of
correlations, and quasi-local propagation filters (quasi-adiabatic spectral flow for T=0 and
quantum belief propagation for T7>0) [12, 2, 16, 25|. Within this framework, we translate

physical locality into sample-complexity guarantees for learning within a phase, extending
ground state results to finite temperature [18, 27].

Contributions

e Foundations reproduced and standardized

— Recast quasi-adiabatic spectral flow (7=0) and thermal quantum belief propa-
gation (7'>0) in a common expression, recording the derivative identities and
quasi-local generators/filters under a common notation and LR-data convention
[12, 2, 16, 25].

— Collect uniform assumptions and constants (LR parameters, clustering rates,
filter tails) needed to make all later bounds system-size independent (QBP
identity (II1.5), kg A-split (I111.3)-(II1.6), two-dynamics LR (II1.6), and quasi-
locality of ®° (Lemma II1.2) in [25]).

e New theoretical results (departures from prior work)

— Unified framework (GS + Thermal). Extend the Smid et al. local observable
learning technique from ground states to thermal phases by importing the
QBP /clustering machinery of Rouzé et al. and placing both regimes under one
LR constant convention. We produce the following thermal decay rate

i v 7%
He _mln{i’ 85(ULR+7T/5)}'

[12, 2, 16, 25, 27].



— Downstream bounds for quantum information and machine learning. From
this unified locality module derive: (i) finite-7" truncation inequalities and the
logarithmic radius accuracy law d4(c) = 5" (log(Ks/e)+cp) (with a polynomial
variant for long-range o > 2D consistent with [27]); (ii) a locality based feature
map s with bias control < &]|Of||; (iii) a LASSO generalization bound
that includes both 7=0 and T>0 with sample complexity O(N (e;)e52log |S])
(extending [27] to T>0); and (iv) equivariance (parameter tying) reductions
log | S| —1og |S/G| that yield constant-in-n behavior for 1D translation invariant
rings.

e Empirical validation

— Implement a purification-TEBD pipeline and validate the theory on Heisenberg
(short range) and long-range Ising chains across temperatures and boundary
conditions: (i) open-boundary Heisenberg exhibits logn sample growth; (ii)
periodic/equivariant Heisenberg is near constant-in-n; (iii) Ising with =3
(ae > 2D) shows near logarithmic growth; (iv) a=1.5 (a < 2D) indicates linear
growth.

1.3 Ethical considerations

This thesis is purely theoretical and computational. All results are gathered from numerical
simulations of quantum spin models; no human participants, biological materials, or
sensitive/personal data are involved. In line with the Department’s guidance, no formal
ethics application is required for this work, but we completed and retained an internal
checklist and will re-review it if the scope changes (e.g., to add human data collection).

e Humans / embryos / tissues: No human participants, no human embryos/foetal
tissue, no human cells/tissues. N/A.

e Personal data & tracking: No collection or processing of personal or sensitive
data, no secondary use/merging of datasets, no participant tracking beyond routine
institutional system logs. N/A.

e Animals: No animal use. N/A.

e Developing countries / participant risk: No fieldwork; no activities that could
place individuals at risk. N/A.

e Environment, health & safety: No hazardous materials/equipment. Computational
experiments acknowledge energy use. We minimized runs, profiled code, and reused
cached results where possible.

e Dual use & misuse: Methods concern condensed-matter simulation and learning
bounds. No military or security-sensitive aims, no export controlled items, no cryptan-
alytic or surveillance functionality. We commit to responsible communication if any
dual-use risk is identified.

e Legal issues (licensing/data protection): All third-party libraries are open-source
and correctly cited. Licenses are compatible with this project’s distribution.



e Research integrity, transparency, reproducibility: We followed best practices
for citation and plagiarism avoidance; code, configuration, and random seeds are
documented. We will release source code and scripts under a permissive license to
enable independent verification.

All checklist items were considered. All relevant entries are No with justification as
above. This project follows principles of honesty and responsibility of computational
resources.

1.4 Declaration

I acknowledge the use of ChatGPT 4o (OpenAl, https://chat.openai.com/) to check
Vancouver reference formatting and for Latex syntax. I confirm that no content generated
by AI has been presented as my own work.

1.5 Code Repository

Repository: github.com/okanders/Efficient-Learning-Thermal-QS


https://github.com/okanders/Efficient-Learning-Thermal-QS

2 Preliminaries

In this chapter, we introduce several core primitives from a first principles lens: local
Hamiltonians, spectral gaps, Lieb-Robinson bounds, exponential clustering of correlations,
thermal (Gibbs) states, and quantum Markov properties. For each concept, we provide a
formal definition and highlight how it contributes to efficient learning algorithms. These
primitives will introduce necessary concepts for the techniques and results developed in
subsequent chapters.

2.1 Local Hamiltonians and locality

Physical interactions are often local, where each degree of freedom interacts primarily
with those in its immediate vicinity. This motivates the definition of local Hamiltonians,
which formalize the notion of locality in quantum systems.

Definition 2.1 (Local Hamiltonian). A Hamiltonian H on a lattice (or graph) of N sites
is called k-local (or geometrically local) if it can be written as a sum of terms, each acting
nontrivially on at most £ neighboring sites. We express

H = th,

where each hy is an operator supported on a finite region X (of size |X| < k) and
X corresponds to a contiguous cluster of sites (with respect to the lattice geometry).
Often one assumes a fixed maximum interaction range R such that hx = 0 whenever the
diameter of X exceeds R. We then say H is finite-range (or exponentially decaying) local
[6, 15].

Example 2.2 (Nearest-neighbor chain). On a 1D chain,

N-1
H = E Piiv1s
i=1

with each h; ;41 acting only on sites ¢ and i+1.

Remark 2.3 (No instantaneous action at a distance). Local Hamiltonians respect an
emergent causality. Influence must propagate through a sequence of local interactions
(Lieb-Robinson bound) [19].

Local Hamiltonians are the natural starting point for efficient learnability because they
impose structure on eigenstates and on Gibbs (thermal) states. If interactions were all-to-
all with comparable strength, even a small perturbation could strongly correlate distant
regions, hindering learning. However, local interactions typically generate approximately
local correlations (in gapped/short range settings they decay exponentially) [12]. Many
quantum lattice models of interest—such as spin systems, the Hubbard model, and the
quantum Ising family—are few-local. Furthermore, for long-range interactions decaying as
1/r®, generalized Lieb-Robinson bounds provide linear or sublinear light cones depending
on « and the spatial dimension [17, 28|.

Locality also plays a role in tensor-network and related machine-learning approaches.
When we are restricted to local Hamiltonians, we guarantee that each degree of freedom



is directly influenced by only O(1) neighbors, which is vitally important for scalable
algorithms [22, 26, 32, 29]. In what follows, we combine locality with additional properties
(gaps, clustering, Markov structure) to quantify how correlations are constrained in both
ground and thermal phases.

2.2 Spectral gaps and gapped phases

While locality limits the actions of interaction terms to nearby sites, it does not by itself
guarantee anything about the strength or range of correlations in a quantum state. A
complementary concept is the presence of a spectral gap.

Definition 2.4 (Spectral Gap). Consider a Hamiltonian H with eigenvalues Ey < E; <
Ey < --- (where Ej is the ground state energy). The spectral gap of H is defined as

A = EI_EO-

We say H is gapped if its spectral gap A is bounded below by a constant A, > 0
independent of system size (in the thermodynamic limit). It is gapless if A vanishes or
decreases to zero as the system size grows [11, 12, 2.

Remark 2.5. For a uniformly gapped family {H™}, the ground-state sector is separated
from excitations by an m-independent gap. Such gaps are stable under small local
perturbations, and quasi-adiabatic continuation identifies gapped phases [2]. In short-
range systems, a nonvanishing gap implies exponential clustering of connected ground-state
correlations [12].

In one dimension, a uniform gap further implies an area law for entanglement entropy
and thus allows for efficient matrix-product representations of ground states. For learning,
restricting to gapped phases provides finite correlation length and short-range entanglement.
We find that many efficient guarantees for local-observable prediction assume a gap [14].
At criticality (gapless systems), algebraic correlations typically require more data and
more expressive models.

2.3 Lieb-Robinson Bounds (effective light cones)

Underlying both locality and spectral gap phenomena is a fundamental result known as
the Lieb-Robinson bound. This theorem provides a quantitative statement of causality in
non-relativistic quantum systems with local interactions. It establishes that information
and correlations cannot propagate arbitrarily fast through a lattice, even if the Hamiltonian
is not relativistic.

Definition 2.6 (Lieb-Robinson bound). Let H = ) hx be a local Hamiltonian on a
lattice A, and write 7(-) = e*(-)e*. There exist constants C, u,v > 0 (depending
only on the interaction, not on system size) such that for any local observables A, B with
supports X = supp A and Y = supp B,

[[7(4), BI| < ClANB] exp( = p(d(X,Y) = olt])).

If [t| < d(X,Y)/v, the commutator is exponentially small, so 7:(A) and B approximately
commute [19, 21, 10].
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Remark (emergent light cone; quasi-locality). We will be interpreting Def. 2.6
as a quasi-locality statement: there is an operator Ay (t) supported on the r-fattening
X, :={z:d(z,X) <r} such that

[7:(A) = Ax, (1)]] < C Al el (> wpglt]),

e.g. the Heisenberg evolution of a local observable can be dressed into a strictly local
operator up to an exponentially small tail outside the LR cone of radius v g|t| [21, Thm. 2.3
and Eq. (2.15)]. We are able to maintain that an influence cannot propagate faster than
vLr- If a region Y lies outside the cone of X at time ¢, then [73(A), B] is exponentially
suppressed.

Physical intuition and consequences.

The LR bound makes locality quantitative, asserting that a local perturbation influences
operators mainly inside a cone of radius vpg|t|, with exponentially small effect outside.
Though dynamical, LR has static consequences. We find that in short range systems
with a uniform spectral gap, connected ground state correlations decay exponentially
with distance [12|. For computation and learning, the cone identifies a finite spacetime
neighborhood sufficient to approximate a local observable to accuracy e, with errors
decaying exponentially in the truncation scale.

Power-law interactions and generalized light cones.

Many lattice models do not have strictly short range interactions. Instead, the coupling
between two regions X and Y often decays as a power of their separation,

|hxy] o« d(X,Y)™® (spatial dimension d).

This is called a power-law (or algebraic) decay. In contrast to an exponential decay
oc e~ UXY)/E (which introduces a finite length scale £), an algebraic tail has no single cutoff
distance, basically far apart degrees of freedom can still interact weakly. The exponent
a quantifies how fast the interaction falls off, and thus how strongly distant sites can
influence one another.

Lieb-Robinson bounds continue to constrain information propagation in this setting.
However, the shape of the light cone now depends on «a: when the decay is sufficiently steep
one recovers a linear (light cone) bound, whereas more slowly decaying interactions produce
a cone whose radius grows only as a power of time (rather than linearly) (17, 28, 9, 7] .

11



Light cone exponent

Y

«
d 2d 2d + 1

Figure 1: Generalized Lieb-Robinson light cones for power-law interactions [28].
For interactions decaying as 1/r“ in spatial dimension d, the light-cone shape depends
on a. The curve () encodes the radius-time relation r ~ t¢(®): ((a) = 1 for a > 2d+1
(linear cone), 0 < ((a) < 1 for 2d < a < 2d+1 (polynomial cone), and no finite power
exponent for d < o < 2d (only logarithmic control).

We summarize the regime as follows:

e Linear cone (o > 2d+1). r S vt (equivalently, ¢t 2 r/v), e.g., a linear light cone as
in short range systems [17].

e Polynomial cone (2d < a < 2d+1). r < tV/(@72d+e() (equivalently, t > r~2d=o))
[28, Eq. (15)].

e Logarithmic cone (d < a < 2d). t 2 logr (no finite power exponent governs the
front) |28, Eq. (15)].

The same thresholds appear in our truncation bounds: for @ > 2d+1 we recover short
range behavior with logarithmic radii, while for 2d < a < 2d+1 the truncation radius
grows polynomially in 1/e; see Section 2.4.1.

2.4 Exponential clustering of correlations

One of the most significant consequences of locality (Def. 2.1) combined with a spectral
gap (Def. 2.4) is the phenomenon of exponential decay of correlations, often simply called
exponential clustering. Informally, this means that any two operators acting on distant
regions have correlations that fall off (typically exponentially) with the distance separating
them. We now define this notion explicitly.

Definition 2.7 (Exponential decay of (connected) correlations). A state p on a lattice
exhibits exponential clustering if there exist constants C, u > 0 (independent of system
size) such that for all disjoint finite regions X,Y C A and all local observables A € By,
B € By,

| Te(p AB) — Tr(p A) Te(p B)| < C[A][ | B ).

We call € := p~! the correlation length. In particular, for d(X,Y) > ¢ the connected
correlation is exponentially small [12, Thm. 2.§].

12



Hastings and Koma established this property for ground states of uniformly gapped,
short range local Hamiltonians. They established that the correlation length follows the
estimate v

f 5 A Y
where v is the Lieb-Robinson velocity and A is the (uniform) spectral gap [12]. A larger
gap therefore will require a shorter range of correlations.
In practice, exponential clustering legitimizes local reasoning. In order to predict an
observable supported on a region X, one may ignore degrees of freedom beyond a buffer of
a few correlation lengths around X with only exponentially small error. We now formalize
this as a truncation statement.

Remark 2.8 (Pointer to truncation radius). Clustering implies one can truncate couplings
outside a finite buffer around I with small error; see Section 2.4.1 for the quantitative
d(e) laws and a formal statement.

2.4.1 Local truncation

Exponential clustering says that degrees of freedom far from a target region I contribute
only exponentially small corrections to (O;). Operationally, this means there exists a
truncation radius 6(¢) such that, to achieve error at most ¢, it suffices to keep only those
interaction terms whose supports lie within graph distance r > d(e) of I. We discarded
the rest at an exponentially small cost. We clarify this in the construction below. We
gather the nearby couplings into an index set Sy, and define a truncated coupling vector
Xs;,(z) that zeros out all terms beyond the buffer. Figure 2 illustrates the selection
rule, and Proposition 2.10 quantifies how large » must be in short range (gapped) and
power-law regimes.

Definition 2.9 (Truncated coupling vector). Fix a target region I C A and r € N. Define
Spri={j: dist(4;,1) <r and diam(A;) <r },

the indices of local terms whose supports lie within distance r of I (and have diameter at
most 7). The truncated coupling vector is

xj7 .] € SI,T?

sr, ()] = {0, j ¢S

Thus H(xs,,(x)) retains only couplings in the r-neighborhood of I [27].

13
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<)o

Figure 2: Local truncation around a target region /. The radius-r neighborhood St
(circle) determines which couplings are kept (colored) and which are discarded (gray). By
clustering, choosing r > d(¢) bounds the contribution of discarded couplings to any O; by
at most ¢||Oy|| [27].

Proposition 2.10 (Ground-state local truncation error |27, Prop. 2.4 & Cor. A.6.1]).
Let H(x) be a local Hamiltonian on A with a uniform spectral gap along the parameter
path under consideration, and let py(x) := P(z)/ Tr P(x) denote the normalized ground

state projector. Then there exist constants ¢, ¢ > 0 (independent of |A|) such that, for any
e >0, if

log*(c/¢), short range),
r> L) (c/e) ( )

¢ max( g~ /w=D) log2/“(7)(c//€)), (power-law tails, « > 2D),

then for every local observable O supported on I,

O po)] = TH{O1 po (x5, ()] | < <llOa]

Equivalently,
HTI‘A\[[po(-T) — Po (XSI,T‘('I))} Hl S €

Remark 2.11 (Implications for learning). Proposition 2.10 shows that to estimate a local
observable within error ¢, it suffices to restrict to a buffer of radius r = d(¢) around
its support, as contributions from outside are exponentially small in r. This justifies
locality-based truncations in simulation, finite-depth time-evolution approximations, and
bounded support feature maps in our learning.

2.5 Thermal states and finite-temperature correlations

So far, we have focused on ground states of local Hamiltonians in gapped phases. Equally
important for both physics and learning are thermal states (also called Gibbs states) at

14



finite temperature. These states may share locality-induced properties, such as finite
correlation lengths, considering the temperature is high enough (or more precisely, away
from any phase transition). We first define what a thermal state is.

Definition 2.12 (Gibbs (Thermal) State). Given a Hamiltonian H and an inverse
temperature 5 = 1/(kgT) (set kg = 1), the thermal state at temperature T is the density
operator

e BH

Pﬁzm7

Equivalently, ps is the unique state that maximizes entropy S(p) subject to Tr(H p) being
fixed by the energy expectation.

Z(B) = Tr(e ).

Thermal states describe systems in equilibrium at temperature 7. At 5 =0 (T — o0),
ps becomes the maximally mixed state. At 5 — oo (T' = 0), ps approaches the ground
state projector. For intermediate temperatures, pg interpolates between these extremes,
generally becoming more correlated as 3 increases (temperature lowers).

Definition 2.13 (Exponential decay of thermal correlations). A Gibbs state pg demon-
strates thermal exponential clustering if there exist Cs, vz > 0 (independent of system
size) such that for all disjoint finite regions X,Y C A and all local observables A € By,
B € By,

|Cov,, (A, B)| := | Te(psAB)~Ta(psA) Te(psB)| < Cp min{| X[, [Y[} || Al | B]| e,

We call &g := Vﬁ_l the (thermal) correlation length. Note: this is the thermal version of
Def. 2.7

A natural question is whether Gibbs states of local Hamiltonians also exhibit exponen-
tial clustering (Def. 2.13). In practice the answer is yes in the regimes we use. Above
any thermal critical point, short range quantum systems retain a finite correlation length,
which can be proved by means of Lieb-Robinson/clustering techniques [16, Thm. 1]|. At a
continuous thermal transition, the correlation length diverges ({5 — oo0) and correlations
decay algebraically.

Remark 2.14. Figure 3 (left) visualizes this: when supports A and B are far apart, the
connected covariance Cov,, (X4, Xp) is exponentially small in their separation.

Learning outlook (thermal).

When pg expresses exponential clustering, local observables can be predicted from a finite
buffer around their support, with exponentially small error from the exterior. We can
then deploy the locality-based truncation and feature map ideas developed for ground
states, which can carry over to thermal states. Recent works leverage this to learn families
of Gibbs states within a phase from a small number of samples [25]; under clustering and
an approximate Markov property, one can even prepare and estimate local properties with
shallow circuits [3].

15



Figure 3: Illustration of exponential clustering and the Markov property in
quantum many-body states [25]. Left: Regions A (blue) and B (red) separated by
a large distance in a lattice. When the state has exponential decay of correlations, the
covariance between any operator on A and any operator on B falls off sharply as the
distance increases. Right: A partition of the system into three regions A (blue), B (red),
and C' (green), where B is a buffer (or shield) separating A and C. As the buffer grows
thicker, conditional mutual information I(A:C' | B) drops, effectively decoupling A and
C.

2.6 Quantum Markov properties and conditional independence

The final primitive we discuss is the notion of a quantum Markov property. This concept
generalizes the idea of conditional independence (Markovianity) from classical probability
distributions to quantum states. In a classical Gibbs distribution on a graph, conditioning
on a site’s immediate neighbors renders it independent of the rest of the lattice. In terms
of quantum mechanics, observables need not share a common eigenbasis, but a related
notion of conditional independence can be formulated in terms of density matrices and
entropy.

Definition 2.15 (Quantum Markov State). Consider a tripartition of the lattice into
regions A, B, and C, such that B separates A and C (e.g. B could be a thick boundary
region around A that shields it from C'). We say a state papc is a quantum Markov state
(or satisfies the Markov property across A-B—C) if the conditional mutual information

I(A:C|B), == S(pag) + S(ppc) — S(ps) — S(pasc)

is zero. Equivalently, p has an exact quantum Markov chain structure, if there exists a
completely positive recovery map Rp_,pc such that papc = (ida ® Rppc)(pas). In
this case, all correlations between A and C' are mediated by B [25].

When I(A: C|B) =0, region B perfectly shields A from C, all correlation between
A and C can be accounted for by their mutual correlation with B. This is the quantum
generalization of the Markov property in a classical Bayesian network or Markov random
field. If B is empty, I(A : C'|0) = 0 would mean A and C' are uncorrelated (product state
on AC). With a non-empty B, the Markov property allows A and C to be correlated,
but only through B.

Remark 2.16 (Approximate Markov Locality; see Fig. 3 (right)). In clustering phases, one
expects the conditional mutual information /(A : C' | B), to decrease as the width of the
buffer region B separating A and C' increases. We see that the state p behaves similarly
to a quantum Markov chain structured as A—B—C over large distances. Exact quantum
Markov states constitute a specialized class, such as Gibbs states derived from commuting
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Hamiltonians. In contrast, generic Gibbs states with noncommuting terms are not precisely
Markov but approximate this property in noncritical conditions. For instance, at elevated
temperatures or within one-dimensional short range model, where I(A : C' | B), remains
small and manageable [16]. Quantitatively, a small conditional mutual information ensures
the existence of a recovery map with minimal error, as established by the Fawzi-Renner
bound [§].

Relevance for learning.

When a state is regarded as approximately quantum Markov, it becomes possible to infer
the properties of a subsystem based solely on its immediate surroundings. By incorporating
a fixed buffer B around A, there is no need to model distant regions C' to describe the local
statistics of A. This perspective substantiates quantum belief propagation for Gibbs states,
supports the use of local tensor-network approximations (such as projected entangled pair
states in gapped phases), and justifies the application of neural models with bounded
receptive fields. In the absence of approximate Markov locality, global patterns dominate,
requiring significantly larger sample sizes or model parameters to capture long-range
correlations [25].
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3 Quantum Information Bound

3.1 Introduction

A notable feature of gapped quantum matter is that local perturbations only produce
local responses. At zero temperature, the standard framework that formalizes this
principle is quasi-adiabatic spectral flow [12]: given a smooth path of gapped Hamiltonians
H(s)=H(0)+ sV, s €0,1], it is possible to construct an almost-local unitary U(s) that
converts the ground state of H(0) into that of H(s) while maintaining the gap. At finite
temperature an apparently different technique of quantum belief propagation (QBP) is
employed. It supplies a differential equation governing how the Gibbs state

e—BH(s)
pg(S) = TI(G_BH(S))

responds to the same local perturbation V.

At first sight these formalisms appear to inhabit different spaces: spectral flow presumes
a spectral gap v > 0 and makes no explicit reference to temperature, whereas QBP is
born thermal. Its generator carries an inverse temperature S and does not demonstrate
dependence on a gap.

However, we reveal that they are two aspects of a single locality mechanism, held
together by three shared traits:

(i) a Lieb-Robinson (LR) bound on the speed of information,
(ii) rapid decay of a time filter kernel that suppresses long-time propagation, and

(iii) exponential (or at least sufficiently fast) decay of correlations in the reference state.

The aim of this section is an exhibition of two points: (i) to expose the shared
algebraic skeleton of spectral flow and QBP, and (ii) to show that QBP can be viewed as a
finite-temperature spectral flow that smoothly interpolates between the zero-temperature
(8 — o0) and high-temperature modes. This provides a unified language for stability
proofs, continuity bounds, and phase classification across the entire (7', 7) plane.

3.2 Setup and Mathematical Framework

3.2.1 Basic definitions and notation

We work on a D-dimensional hypercubic lattice A C Z” of linear size L and cardinality
n = LP, equipped with the periodic (torus) graph metric. All distances and diameters
below refer to this metric. Throughout, k,p = O(1) are fixed integers independent of n.

Operator algebras and metrics.

For any finite X C A we write Bx for the algebra of bounded operators on the qudits in
X. For XY CA

dist(X,Y) := min_d(3i,j), diam(X) := 1 + maxd(i, j).

i€X,jey 1,j€X

Norms || - || are operator (spectral) norms unless indicated otherwise.
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Definition 3.1 (Block neighbourhood). Let P<i(A) ={J C A||J| < k}. Forany I C A
and radius 0 € N, define

Spsi=1{J € Pey(A) | dist(l,J) < 4, diam(J) < 5}

Definition 3.2 ((e, d)-insensitivity). Let F': [—1,1]™ — R. Fix a target block I € P<j(A)
and let S;s be as above. We say F' is (g, 0)-insensitive (around I) if

| F(z) — F(xs,,(x))| < e forallze[-1,1]",
where xg, ;(z) is formed from x by zeroing all coordinates x; with J & S 5.
Hamiltonian family. For each parameter vector
v = (2n)epqm € [FLA™, m=[Pu(A)]
we consider a k-body Hamiltonian [27]:
H(z) = Z hi(xr), supp hy C 1
I€P<(A)

where the interaction terms h; obey one of the following locality hypotheses:
(a) Ewponential tails: ||hzl|, ||0x, hr| < Cpe™vdiamd),
(b) Power-law tails of order o > 2D: ||hz||, ||0x, b1 < Cp diam (1)~ (HI=2)D+a)
We denote by «(z) the many-body gap above the ground state and assume uniform
stability: inf, v(x) > Ymin > 0.
Reference states. We treat ground and thermal cases in parallel:

(2) = P = |¢o(z)Xtho(x)] (8 = o0, a fixed pure ground state),
oo = pp(x) = e PH@) [ Tyr(e=PH()) (0 < B < 0o, Gibbs state).

Clustering assumption. We assume exponential clustering for the state og(x): there exist
C,c> 0 and a correlation length £(3) such that for observables Ax, By,

| Covoyy(Ax, By)| < ClAx||[Byl| e SC0/0)

For uniformly gapped, short-range H(z) this holds at § = oo for any pure ground state
[12]. For Gibbs states we assume exponential clustering whenever needed (e.g. at high
temperature or under suitable mixing conditions).

It is convenient to keep in mind the operational length scale

§(B) = max{ngU VLR @}’

Ymin !

which reflects the LR cone and the filter tails appearing in our proofs; implicit constants
are absorbed in the < notation below.

Observables. For a bounded p-body observable O = > 1ePo,(A) Or we abbreviate
fi(x) :=T{Or05(x)], f(z)=>_ fi(x)
I

The task is to quantify how local the map = — f;(z) is, and how accurately it can be
approximated by discarding parameters that are far away from the support I.
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3.2.2 Derivative identities and the unified formula

Consider a local perturbation path H(s) = H + sV on a lattice system with finite
Lieb-Robinson speed v.

Gapped ground states (7' = 0).
Suppose H(s) remains gapped by 7 > 0, and let

P(s) = [to(s)) (¢0(s)]

be its ground state projector. Quasi-adiabatic continuation constructs an almost-local
generator

D7(8> - q)glygs) (V)’

where

Definition 3.3 (Spectral filter). For any Hamiltonian H and local perturbation V', define
(V) = / W, (t) eV e~ qg,
with W, any odd, integrable kernel band-limited to the gap window (—v,~) as described
in [2, 27].
Taking expectations in the ground state gives the spectral-flow derivative identity,

C{Ohuotor = 1D (), Ot )

Remark 3.4. By combining the Lieb-Robinson bound with the rapid decay of W, (t), we
show that D, (s) is quasi-local: for any observable Ox supported in region X,

11D (s), Ox]|| < C[|Ox ] e distlsupp V')

Thermal (Gibbs) states (7" > 0)

For 8 < oo the Gibbs state
e_ﬁH(S)

ps(s) = Tr e—BH()
evolves under the quantum belief propagation (QBP) flow

0.05(5) = —5 [0, (V), ps(s)]

Then by trace cyclicity,

di.ls Tr[ps(s) O] = —g Tr(pg(s) [‘1)55()5)(‘/)7 O]) + 8V os() (O)pss)

= — B Cov,, (0, @5 (V).
Here we adopt the covariance from [25, Eq. 3] that upholds the above logic:

Cov,(A,B) :=1 Tr[o { A— (A),, B—(B),}] (3)
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Definition 3.5 (Thermal filter (QBP)). For any Hamiltonian H and operator V', define
BV) = [ malt) Ve
R

tanh(Bw/2)

Bofo An explicit expression

where the (even) kernel has Fourier transform kz(w) =
(for t #0) is
2 emltl/f 41

kp(t) = % log—eﬂt‘/ﬂ T

which exhibits logarithmic behavior at small times, kg(t) ~ %logﬁ as t — 0, and
exponential decay at large times via [25, 1, Eq. 1I1.3; Appendix B|

< L1
ralt) < 5

A-split (small/large time)[25, Lem. III.2|. Here A (a threshold for time) is unrelated
to the spatial radius ¢ used in neighborhoods St 5.
Fix 5 .
A > A= —5asinh§,

T
then the kernel obeys the two integral bounds

16 s 4
/ |H5(t)| dt < — e 28 A’ / |/€,B<t)| €v|t\ dt < — 6(v+7r/[3)A,
[t1>A & <A T

which we will use whenever we split time integrals into short/long pieces. These
expressions derive from |25, Lem. III.2]

Remark 3.6 (Zero vs finite temperature skeleton). At T=0 (gapped case), the adia-
batic/spectral flow gives 05(O) =i <[<I>gzs)(V), O1]). At T>0 (Gibbs case), the variation
of expectations is

0,(0) = —B Cov(0, 2} (V)),

where
Cov,(A, B) := % Tr[a {A—"Tr(cA), B—Tr(ocB) }}

Spectral flow (7=0) QBP (7>0)

(ground projector)

reference state ¢ P = |1)g) (¢ Gibbs state pg
prefactor s, i —3/21

filter parameter v 15}

filter kernel f, W.,(t) (BMNS kernel) ks(t) (QBP kernel)
spatial decay scale & ~ vpr/y §p ~ % (ULR + ﬂ/ﬂ)

Table 1: Dictionary between quasi-adiabatic spectral flow and quantum belief propagation.
In covariance form one has 9,(0) = — j3 COV(O, s (V)), e.g. prefactor —f3 and covariance
with the filtered perturbation.
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3.3 The Locality Principle

3.3.1 Quasi-locality of the propagation filter ¢,

In a local lattice model, we aim to demonstrate that the dressed operator (filter-evolved
observable)

o, (V) = /_Oo f-(t) (V) dt, 7i(-) == e (e Y,

is quasi-local. This means that its weight outside the original support of V' decays
rapidly (exponentially for short-range interactions, algebraically for long-range). This
emergent locality arises from two components: (i) the Lieb-Robinson (LR) bound; and (ii)
a fast-decaying time filter f,(¢).

Unified notation

We adopt the dictionary

(P, v, W,) ground state (1" = 0),

(Oa Ko fa) = {(p/j’ 57 /‘fﬁ) Gibbs state (T > O)

For the thermal kernel we do not assume a global pointwise exponential bound (it is false
near t=0). Instead, we always work with the A-split above, which captures the small-|¢|
logarithm and the large-|¢| exponential tail uniformly with the stated constants |25, Egs.
I11.3-111.6].

For the ground state (quasi-adiabatic) kernel W, we use the sub-exponential time
decay encoded in |2, Lem. 2.6(iv)]: writing

L) = />t|ww(s)y ds,

there exists a function G such that I,(¢) < G(v]t|), with G decaying faster than any power
(e.g. G(&) S ua(é) for some a > 0) [27, 2, Lem. 2.2; Lem. 2.6(iv)].

LR and filter data (constant convention).

We fix LR data (CLg, i, vLr) so that for any operators A, B supported a distance d apart,

[ 1r:(4). B < Cur ANIBI exp(—p (d = vunlt) ).

where (z); := max{z,0}. (See [27, Appendixz A.1, Prop. A.3]: Lemma A.1 for the
exp-decay LR bound and Proposition A.3 for the inside-cone estimate used in I,.) In
either case || f5||1 :== [g |fo(t)|dt < co.

Lemma 3.7 (Spectral flow generator-locality). Let s — H(s) be a C* family of Hamilto-
nians on a finite lattice, s € [0, 1], with a uniform gap > v > 0 and uniformly bounded
|H'(s)||. Let P(s) be the ground state projector and

Dy(s) = /R W, (t) 7" H' (s)) dt

Then 2L P(s) = i[D,(s), P(s)], and D,(s) is quasi-local: if supp H'(s) C J, then for any
observable X,

11D5(s), X]|| < CIHS)] X e =00 1 co | 7 ()] | X (1dist (], supp X)) ™,

for every N € N, with constants independent of system size [27, 2, Lem. 2.1; Cor. 2.8].
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Remark 3.8. D, (s) is self-adjoint (the integrand 77" (H'(s)) is Hermitian and W, is real),
and |2, Cor. 2.8| gives 0,P(s) =i [D.(s), P(s)].

What we use below is just the quasi-locality of D,(s), obtained by combining a Lieb-
Robinson bound with the tail control of the quasi-adiabatic kernel, I (t) := f‘ > AW5(s)]ds <

G(~t).
Why does locality emerge? (following split time proof of [2])

Let d := dist(supp V, supp O) and choose the LR cutoff t* := d/(2vrr). Then

®, / BORWLOl = [ @m0+ [ LR, 0ld

]1 I2

J/

(Split at t* and use the same 11 /1y decomposition, with the "LR bound is vacuous” step
for |t| > t*.) For |t| < t*, d — vLr|t| > d/2, thus

1L < CerlVIHION e 2 folr-
For the tail [t| > ¢* we use the trivial commutator bound [|[X, Y]] < 2[| X [|Y]]:

1]l < 2[VIHOl[  [f()]dt.
[t|>t*
Thermal case (0 = pg). If t* > Ay == asmhl then
32 _ap
I < 2[VIHIOI [  [sst)dt < = e |V][[|O],
[t]>t* ™

using the tail bound f‘t|>A|m5(t)|dt < %(fﬁA for A > A;. For general d (thus arbitrary
t*), we bypass this direct I estimate and instead use the quasi-locality of the filtered
operator (by Lemma II1.2 [25]):

B B8 —p! dist(su B¢ _ : T
[0 (V) = @) (V)| < ¢ [V e SV = pmin{d, prer

and then combine with clustering/LR for O to obtain the final exponential response
bound.
Ground-state case (¢ = P). Using f, = W, and the definition of 1.,

1]l < 2[V]O] . (WL@)]dt = 2[[VI[[|O I,(t") < 2G (") [V O]

t|>t*
(Here L(t) < G(y[t]) with G(§) = [ K/2 (0 <€ <E&), 130e*/(10ug7(€)) (€ > &)
and uq(€) = exp[—a&/log? €]; thus sub-exponential decay [27, 2, Lem. 2.2, Eq. 4.3]. By
Lemma 2.2 of [27], there exist constants K and &, > 0 such that, for t* obeying yt* > &,,
one has the sub-ezponential control G(vt*) < u,(yt*), and so for every N € N there is
C} with

G(ytr) < CF ()"0,

With ¢* = d/(2vpr) this gives

" —(N-1)
IR (v),0ll < CuvIole ™ + ci VIOl (%)

Now, we are able to see that the short time (inside-cone) piece produces the LR exponential,
while the long time piece I is controlled by the quasi-adiabatic filter tail I, which is
sub-exponential.
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Lemma 3.9 (Quasi-locality of ®). Let H = ), , h; be a local Hamiltonian, fix ha
supported on A, and for B D A define Hg := Zsupp(hl)cB hr. Then:

a) Thermal case. There exist constants ', i’ > 0 (independent of system size) such
H Y

that
[0 (ha) — @) (ha) || < ¢ |A][|hall exp(—4' dist(A, B)). (4)
(PleIng A= Al + m dlSt(A, BC) giVGS /Jl = ,umln{%, m} [25])

(b) Ground state case. For every N € N there exists Cy > 0 (independent of system
size) such that

| @5 (ha) — @) (ha) || < C1lAl||hall em# AHAE2
. e\ —(N-1)
+ O] Al g (£4222)

VLR

(5)

Consequently, in both cases ®y(ha) is quasi-local around A (exponential at finite T,
exponential up to a sub-exponential correction at T =0).

Proof. (Use the two-dynamics LR bound ||ay — || (Eq. (II1.6)) together with Lemma II1.2
of [25] for ®-quasi-locality at finite T.) An LR estimate for dynamics with and without
terms outside B yields constants ¢, i, vpg > 0 such that

7 (ha) = 7" (ha)|| < el Al hall exp—p (dist(A, B) = vill) ).

Set d := dist(A, B°) and t* := d/(2v g). Then

[@si(ha) = Py (ha)ll S/leo—(t)!HTtH(hA)—TtHB(hA)lldt

<l pall (1ol [ Ifa(o)lde).
|t]> ¢+
Thermal case (0 = pg). Choose
A = Al++d, AN :%asinhl,
2(’ULR + W/B) N 2

and use the A-split:

16 _« 4
[ malde< ZeBa [ gt etar <
t]>A T t|<A

2 /B
™

Combining with the two-dynamics LR bound gives 4 with u' = min{%, m}
Ground-state case (0 = P). With f, = W,,

AJ%Wﬁ:Mmsaw»

which is sub-exponential and, for any N, satisfies G(vt*) < Cy(t*)~™=Y. This returns

D. [l
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Long-range interactions.

For power-law interactions ||h;;|| oc dist(é,j)™* with a > 2D, locality degrades from
exponential to polynomial. The LR light cone becomes algebraic for power-law decays,
so truncation errors fall off as a power of the distance rather than exponentially; this is
the mechanism used in our bounds. Consequently, for B D A one obtains a polynomially
decaying truncation estimate of the form

| @n(ha) = @ay () | < 1A al] (14 S2220) 7 (6)

for some p = p(a, D) > 0 and length scale £ > 0 (the precise power depends on the
long-range LR exponents and the summability step). For a € (2D,2D+1), [27] show that
the truncation radius necessary to achieve accuracy ¢ scales polynomially as § > ¢~ V/#=P),
and they extend this to all & > 2D with adjusted constants |27, Sec. 2.2.2-2.2.3|. In
contrast, when o < 2D their outer-region sum diverges (Sy = 00), we note that we cannot
make the truncation error small by enlarging B; observables may depend on parameters
outside any fixed neighborhood [27, App. A, Prop. A.g].

3.3.2 Local perturbation leads to local response

Having established the quasi-locality of the propagation filter ®,(V"), we now formalize
the Local Perturbation — Local Response principle, which provides a unified description
for both zero-temperature (gapped ground state) and finite-temperature (thermal Gibbs
state) settings. The principle asserts that a perturbation of the Hamiltonian localized in
some region A can significantly influence expectation values of observables far away in B
only through operator spreading within a Lieb-Robinson light cone, with the long-time
contributions dampened by the chosen filter. In gapped ground states, we see that this
is governed by quasi-adiabatic continuation (Lemma 3.7) together with the notable sub-
exponential decaying tail integral I, (spectral-flow locality and sub-exponential tail for 1, :
Lemma 2.6(iv); explicit generator: Cor. 2.8 of [2]). In thermal states, the analogous role
is played by quantum belief propagation (QBP) together with exponential time decay of
kg and (when assumed, as we have discussed) exponential clustering of correlations in
Gibbs states [25]. In both cases the influence is exponentially small in the distance, and
up to a sub-exponential correction in the ground state case.

Throughout this discussion, we assume a uniform bound on the interaction strengths:

Iht]l < hmax =O(1),  VICA,

so that all constants can be taken independent of the system size (we re-iterate). We
also assume that the unperturbed state o (ground or Gibbs) satisfies a uniform Lieb-
Robinson bound with parameters (Cpg, i1, vir) as fixed above (standard LR for expo-
nentially decaying/short-range interactions [12, Theorem A.2[), and (for the thermal
statements below) that exponential clustering holds as an explicit condition.
Conventions for Proofs. We repeatedly use:

1. triangle inequality under the integral, || [ g(¢) X, dt|| < [[g(t)] || X|| dt;
2. unitary invariance of the operator norm, ||7(X)|| = || X||;

3. the trivial commutator/covariance bounds ||[A, B]|| < 2||A]| || B]] and | Cov, (A, B)| <
A BI;

4. Holder’s inequality | Tr(pX)| < ||p|l1]|X|| = || X|| for states p
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Locality in gapped ground states.

Theorem 3.10 (Locality of Ground State Observables). Let H(x) = >,z hy be a family
of local Hamiltonians on a D-dimensional lattice, with a uniform spectral gap v > 0 for
all parameter values x. Denote by (-), the expectation in the (possibly degenerate) ground
state mixture p(x) = P(z)/ Tr P(x). Then for any two disjoint regions I,J C A and any
observable Oy supported on I, one has for all N € N,

aa:(; <Ol>x

S CHOIH ||hJ|| (6_(“/2) dist(7,J) + CN (1+dlst(], J))_(N_1)>,

where C, > 0 and Cy > 0 are independent of the system size.

Remark 3.11. The first (exponential) term is the short-time contribution controlled by the
LR light cone; the second is the sub-exponential tail stemming from the quasi-adiabatic
filter via the tail integral I, () (Lemma 3.7) (Lemma 2.6(iv) of [2]; explicit G in [27, Lem.
2.2/). If, in addition, the ground state exhibits exponential clustering, one may replace
the polynomial tail by an auxiliary (possibly weaker) exponential with adjusted constants
when d is sufficiently large (gapped short-range — exponential clustering; [12]); otherwise
keep the explicit sub-exponential term.

Proof of Theorem 3.10. Setup. Fix disjoint regions I, J and write d := dist(/, J) > 0.
Our goal is to bound |8IJ(OI)I‘.

Spectral-flow representation. We start by expressing the derivative through the
spectral-flow generator. By Lemma 3.7, for each coupling x; there exists a quasi-local
operator

Dy(z) = /R W, () /" (hy)dt  with  8,,P(z) = i[Ds(z), P(z)].

(Compare the explicit construction and identities D = [ W, (t) e H'e="*Hdt and dilsP =
i[D, P] in [2, Prop. 2.4, Cor. 2.8].)
From projectors to expectations. Passing from the projector to the ground state

density matrix p(x) = P(z)/ Tr P(x) and differentiating the expectation, we get

02, (O1)a = To(Oy 0y, p(x)) =i T{Or [Dy(x), p(x)]) = i Te([Or, Dy(x)] p(x)),

where we used cyclicity of the trace to move the commutator onto O;. Since p(z) > 0
with Tr p(z) = 1, the expectation against p(x) is dominated by the operator norm. We
see that,

}aa;J<OI>z’ < H[OI7DJ($)]||-

LR time split. We now bound this commutator using the integral representation of
Dj(z). Apply the triangle inequality for integrals:

{01, Ds(@)]]| < /R W, )01, 7 ()| .

To isolate the region where LR information is nontrivial, introduce the LR cutoff

d

tt = )
2ULR
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Inside the cone (|t| < ¢*). Inside this window |¢| < ¢* the Heisenberg-evolved perturba-
tion 7;(hy) has not reached I by more than half the distance: the LR estimate guarantees
dist(supp 7¢(hy), 1) > d — vir|t| > d/2. Therefore the LR bound gives

1[Or, 7e(h)]|| < Cor O 1]l e @mlD < Crg [|Of]] || s || €472,

(standard d—v|t| LR form; [12, Thm. A.2]) uniformly for |t| < ¢*. Integrating this against
|W.,(t)| over the inside-cone window yields

[ W0l e < o Ihalle ™ | Wa)1ar < 03 ol sl
<t

t|<t*

with C} := Crr||W, |1 (we use ||, |1 < oo from the quasi-adiabatic construction |2, Lem.
2.6(iii)]).

Outside the cone (|t| > t*). Outside the light cone the LR bound is vacuous, so we use
the trivial commutator estimate ||[X,Y]|| < 2||X]| [|Y]| together with unitary invariance

| 7e(ho)|l = [|hs]|:
/|t|>t*|Wv<t>l |(Or, 7u(h))| dt < 2[|Os|[ 1k [ W, (1)) dt.

|t >t

It is convenient to write the tail as the two-sided integral I, (t) := f|5|>t |W,,(s)| ds, so the
outside-cone contribution is
< 2|[Or[[ [Pl 1(2).

Tail control. By the sub-exponential decay of the quasi-adiabatic tail, there exists a
function G with I, (t) < G(yt) and G(§) decaying faster than any power (/2, Lem. 2.6(iv)];
see also the explicit G in [27, Lem. 2.2[). Substituting t* = d/(2vLr) gives

. , d —(N-1)
L(t) < Cl (m> .

(If vt* is not large, this tail can be absorbed into the exponential piece by adjusting
constants. Either way the final bound holds with constants independent of system size.)

Collecting terms. Collecting the inside-cone and outside-cone contributions and absorb-
ing harmless numerical factors into C' and Cy, we arrive at

[Or Dy@| < CIOM IRl (72 + Co (1 + @) @),

and thus, by the reduction at the start,

8:1:J <Ol>x

< IO sl (7@ + Oy (1+ )" ¥D).

All constants depend only on the LR data, ||[W,]||1, and the interaction bound |/A,| <
hmax = O(1), and are uniform in the system size. O
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Locality in thermal states (Quantum Belief Propagation)

We assume throughout:

Condition 3.12 (Exponential clustering of correlations). For each inverse temperature
3 > 0 and any parameter vector z, the Gibbs state o(z) = e #H@) / Tr(ePH@)) satisfies:
there exist C, v > 0 such that

| ot (A, B)| < G min{|ALL[BI} [ Al | Bl o= om0 400
for all observables A, B with disjoint supports. [25, Condition I.1]
Definition 3.13 (Lipschitz seminorm). For an observable L on A,

| L Lip : = max Melg’lf |L—-M®I, H

In particular, if L = Z;‘il O; with each O; supported on O(1) sites and with bounded
overlap, then || L||Lyp = O(1) [25, Eq. I1.1].

Further assumptions to note for proof of proposition:
Q)BP derivative identity and thermal filter.

Dy (L) oyr) = — 8 Covg,a (L o' (hJ)> 'W(v) = /R ka(t) T (V) dt.  (7)

Kernel kg: explicit form and A-split. For t # 0,

9 emE 41
Furthermore, for any A > A; := 5 asmhl
16 _ = 4
/ |ka(t)|dt < — e 3%, / |ka(t)] e dt < = el tm/PA, (8)
[t|>A ™ <A T

Lieb-Robinson (two-dynamics) bound [25, Eq. II1.6] For A C B,
17 (A) = 7P (A)]| < c|Af[| A evrrltim dbtupp 4.5, (9)
Quasi-locality of the thermal filter [25, Lem. II1.2] For A C B, we have

chgf()x) Oa) — CID(B OA H < |A||0O4]| exp( w dist(A, BC)) 10)

— 1
W= pmind 3, e

"Remove-and-telescope” covariance step for Lipschitz L. For any operator Xp supported
on B and any r > 0,

| Covo,@)(L, Xp)| < 20|B(r)| [ Lllip + 2Ca|B|h||L]we™, (11)

where h := supy ||hs]| and |B(r)| is the r-neighbourhood volume |25, Prop. II1.3|.
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Proposition 3.14 (Locality of Thermal Response — LP-LR form). Assume Condition
3.12. Fiz an interaction index J € P<i(A) and 5 > 0. If L is local (supported on a finite
region I ) with finite || L||Lip, then

e Hsd d := dist(supp L, supp h)

‘a$J< og(x T

where
fp = mm{z’ 'u_8,8(v_LR+7r/ﬂ)}

and Cy, > 0 depends only on local dimensions/geometry, the LR data (¢, p,vir), and
(Ca,v), but not on system size.

Proof. QBP identity and filtered perturbation. Using (2) and writing Hgﬁ) () :=
8$J<L>Uﬂ = —6 COVJB(I) (L H ( ))

LR time split. Let d := dist(supp L, supp h;) and split the defining time integral at the
LR cutoff t* := d/(2uLr):

| Cov(L, H)| < /

|t <t* [¢]>t*

Inside the cone |t| < t*. By LR, dist(supp L,supp 7:(hy)) > d — vir|t] > d/2. Using
exponential clustering (Condition 3.12) and the remove-and-telescope step (11),

| Cov(L,7e(hs))| < Cul[Llluip 190, hsll =@/,
uniformly for |¢t| < ¢*. Since [|rg||1 < o0,

I« < Col|L|luip 100, ksl € /24

Outside the cone |t| > t*. By the triangle inequality,

I, = /|t>t*/<c[3(t) COV(L>Tt<hJ))dt’ < /R‘/‘ﬂﬁ(t)"COV<Lth(hJ))’dt'

By quasi-locality of the thermal filter (|25, Lem. II1.2]) and the remove-and-telescope
bound (11), for any R € [0,d] and with Bg the radius-R neighborhood of supp h,

[ Imatol | Co (L muldt < CallDlhay 100, (e M), 4l = pminf b, 57

Since v r+m/8 > 7/, we have
R = d/2 yields

IN

11 _
4p (’UL;{T-‘FW/B) 1 < 3, therefore p/ = i3 ('ULR+7T/,3 Choosing

Lo < Cy |Lluip 100 gl (72 4 ¢ 0T 1),

Combining and conclusion. Together with I« < Cy || L||Lip ||0x, hulle” /24 and a + b <
2max{a, b},

~w/2)d | a7 ¢ < 9 p—rsd _ _opr
€ te > z€ v Hp = min 2’ 88 (vLr+7/B)

Thus,
| Cov(L, HY)| < CyllLluip |0, bl e,

and multiplying by S via (2) gives |8xJ(L>UB(x)| < BCw || LlLip |02, sl e #4%, with Cy, =
Cy. O
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Remark 3.15. The two exponentials arise from distinct mechanisms: the state’s clustering
(v/2) and the filter+LR tail (un/[80 (vLr + 7/f)] via the A-split).
Remark 3.16 (Extensive L and the polylog(n) prefactor). For additive L (e.g. total

magnetization), localize both Hf,ﬁ ) and L to radius R around supp hy, bound the two
truncation errors by [25, Lem. III.2| and Condition 3.12, and choose R < logn as in
[25, Prop. II1.3]. This returns a polylog(n) prefactor while the rate p7/[88 (vpr + 7/0)]
remains unchanged.

Path integration step (common to both regimes)

Fix 2,y € & and the affine path z(s) =z + s(y — x), s € [0,1], so @(s) =y — x. For any
observable O,
1

(0)y=10): = [ 49,0 ds = Y (us =) [ 01,(0uco ds.

7
Taking absolute values and using [|Z(s)|1 = ||z — y]|1,

[(O)y = (O)a| < Y lys =@yl sup |2,(O)as)]- (12)
7 s€[0,1]

Plugging in locality of the derivative. Assume the Lieb-Robinson data are uniform
for H (x(s)) on [0, 1]; in the GS case the spectral gap is uniform, and in the thermal case
exponential clustering holds uniformly in s. Let A; := supp hy and d; := dist(supp O, A;).
By Theorem 3.10 (gapped ground state) and Proposition 3.14 (thermal), for all s € [0, 1],

Cas Ol |hslle 2% + Casn [|O]| Al (1 +dy)~N=D, (GS),

BCth||O||Lip\|8wjhj||e*“ﬂd=f, (Thermal).
(13)
Here Cgs, Cas v > 0 absorb the (uniform) LR constants and the quasi-adiabatic tail; and
Cin > 0 absorbs the clustering/filter constants so that Cre~W/Ads 4 Che™ S oLatm Y <
Cin e ##47. All these constants depend only on LR data and local geometry /dimensions
(and on the uniform gap for GS / on § for thermal), but not on the system size or on s.
The decay rates are

’aﬁw <O>$(S) | <

H =L
Gs = 5

: g = min{%, uﬁ} (14)

88 (vLrtn/8

Distance reduction. Let v,, = {J : z; # y;} and d := dist(suppO,7.y) =
min je,,  dy. For any nonincreasing ¢ >0,

Y lys =il éds) < llx = ylh 6(d). (15)

JEYzy

Unified LP-LR estimate. Let D := dist(supp O, 7;,). Combining (12)-(15) with
1Pl < P = Sl}p [l (GS), 105, 1| < RE), = Sl;p 10x,hs]|  (Thermal)
gives
(GS)  [O)y = (0)s] < Cas hmax O] Iz = yll1 e7Hes?
+ Casy hunax Ol |2 = ylly (1 + D)~ 0.
(Thermal)  [(0), — (0)a| < 8 Cun hiZy 10|y & — yll e (17)

(16)

Here A9, := supy ||0z,hy||. In the linear case 0,,hy = hy, so R, = Pnax-
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3.4 Consequences for Observable Dynamics

3.4.1 Sensitivity to Hamiltonian parameters

Assumptions & notation.

We write r := dist(/,supp hy), fix LR data (Cpr, t, vLr), and (for thermal statements)
assume exponential clustering with rate v. Set

e iy
H = mln{Q’ SB(ULR-HT/ﬁ)}'

We use ||Of||Lip for Lipschitz observables; for sums of O(1)-local terms with bounded
overlap, ||O¢||Lip = O(1).

What we inherit from the ground state.

Let H(x) =) ;2 hy act on a D-dimensional lattice, and let O; be a p-body observable
supported on I. Define f;(z) = Tr[OI po(a:)} for the normalized ground state density
matrix po(z) := P(x)/Tr P(z). Smid et al. prove that, in a uniformly gapped phase, the
directional derivative of f; with respect to any scalar coupling x; decays with the distance
r= dis‘c(!7 supp hJ) [27]:

Cre 7 exponential interactions,

|00, f1(2)| < 1102, ksl Fo(r), Fo(r) :{

Cor—P@D)  power-law interactions,

(18)
with constants depending only on microscopic parameters (dimension D, interaction decay
rates, and the gap), but independent of system size. Integrating along a straight path
in parameter space and using a geometric shell-counting bound for the number N, of
interaction terms with support at distance r from I, they derive the radius accuracy law

2
logQ(c/ 5), exponential interactions,
So(e) = { 1(7) (19)
d max{e_l/(”_D), logQ/”(“’)(c”/e) }, power law o € (2D,2D + 1],
which guarantees |fr(z) — f1(xs, ;2)| < €||O;| for all § > do(e).
Thermal Gibbs states (7" > 0).

Let og(7) = e PH@) [ Tr(e PH@) and f;(z) = Tr[O;os(z)]. Using the QBP derivative
identity (2) together with ®-locality (Lemma 3.9) and Proposition 3.14, we obtain:

Lemma 3.17 (Thermal gradient bound). For all I,.J and 5 > 0,
|00, fr(2)] < BCu 1Orluip 10s, Rl €77, := dist(I, supp hy),

with pg = min{%, m}. The constant Cyy, depends only on local dimension/geometry

and the (uniform) clustering/LR data, and is independent of system size.

(In the linear parametrization H(x) =) ;xsh; one may replace |0y, hy|| by ||hs].)
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Local truncation at finite temperature.

Let Srs collect all couplings with support within graph distance § of I and set z'*¢ =
Xs,,(x). Along the affine path 2(s) = 2/ + s (x — 2/°°), the thermal perturbation identity
(path interpolation -+ generalized covariance; Eq. (5) of [16]) gives

fi(x) — fr(a') /0 (zg — 25°) Oy, f1(x(s)) ds.

JES1,5
By Lemma 3.17, for r; := dist(], supp hy),
02, £1(2(5)] < B Cla 101 luip 1182, | €77

Thus, with hpax = sup; || thJH (and Amax = supy ||0x,hs|| in the linear case),
|f1(x) = f1(2")] < B Con huna |01l > _N(r) e, (20)
r>4§

where A/ (r) is the number of terms at distance r from 1.

Lemma 3.18 (Shell counting). There exist Cp, Kp > 0 such that N'(r) < CprP~! and,
for all 6 > 0,

Z N(rye " < Kp(1+8)P e red,
r=0+1

Combining (20) with Lemma 3.18 yields
|f]($) — f[(l’loc)| < Kﬁ ||OI||Lip (1 4+ 5)D_16_'u*857 Kg = ﬁ(]th hmax CDKD.

Corollary 3.19 (Logarithmic radius-accuracy law). Given ¢ > 0, any
1
dsle) = <10g -+ + cD>
Hp

(with cp absorbing the (1 + 6)P~1 factor) guarantees |fr(x) — f1(2'°¢)| < e ||O;||uip. This
is the finite-temperature analogue of the exponential truncation bound and its inversion in
[16, Cor. 2, Eq. 13, Eq. 20/, with the decay rate g provided by QBP+LR by means of
Lemma 3.17 and Proposition 3.14.

Long-range interactions (thermal analogue).

Replacing ®-locality by its long-range form (6) (see Long-range interactions above) and
repeating the same reduction yields:

—Q

Lemma 3.20 (Thermal gradient under power-law interactions). If ||h;;|| o< dist(z, )
with a > 2D, then there exist Cy, > 0, g = O(1) and p = p(a, D) > 0 such that

~ —p
0, f1(@)] < BCu [Otllip 10, hall (1) 7, v = dist(L supp hy).
For a < 2D, no uniform truncation in r is possible (outer-shell sum diverges).

Corollary 3.21 (Polynomial radius-accuracy law (power-law case)). With p = p(a, D)
as above,
dp(e) S e /M) k(a, D) = p(a, D) - D,

with constants independent of |A|, as in the long-range LPPL/LI analysis in [5].
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4 Machine Learning Bound

We now derive learning bounds for predicting local observables in quantum phases. The
concept that we demonstrate is that physical locality constrains the effective complexity
of the learning task. By leveraging the finite range of correlations and the Lieb-Robinson
(LR) bounds in both settings, we show that a simple linear model (LASSO predictor) can
learn the expectation value of a sum of local observables with sample complexity that
grows only moderately with system size and desired accuracy. In the following, we set
up the class of predictors and observables, explain the locality based feature map and
truncation strategy, and then state the generalization bound (our LASSO theorem) that
equally treats both ground and thermal cases.

We study predictors of fo(z) := Tr[Oo(x)] that use local information concerning
the Hamiltonian parameters z. As in Smid et al., the learning architecture is LASSO
over a locality aware feature map. The physics enters exclusively through the truncation
radius 0(eq), which fixes both the approximation bias and the size of the dictionary
my, < |S| N(e1), and therefore also the ¢1-budget B = r(O) N(g1) used in the capacity
bound. Once (1) is set (by the locality theory), our experimental work (Sec. 5) will
ultimately trace the ground state analysis in [27] and apply it to the thermal setting.

4.1 Setup, hypothesis class, and data

Let A C ZP with [A] = n. Consider a k-local family H(z) = 3 ,.p_ ) hs(2s) with
k = O(1). Assume (standing hypotheses): (i) a uniform spectral gap in the GS setting;
(ii) a Lieb-Robinson (LR) bound with constants (i, vrr); (iii) exponential clustering in
the thermal setting (with rate v > 0); and (iv) decay of ||h;|| and ||0h,|| with diam(J)
(exponential or power law). All these assumptions we had established in Section 3, and
are recalled and invoked. Let

0= 01, SCPyA), p=0(1),  (0):=) |0l

IeS IeS

We either work with the renormalized O" := O/r(O) (so r(O’) = 1) or assume 7(O) = O(1),
which yields the dependence O(logn) referenced below.

We are given a dataset D = {(z*), y@)}Y | with bounded label noise |y —Tr(O o (z®))| <
g5 |27, Eq. 5|. Each () is a full parameter vector of couplings, and y(*) is a possibly noisy
estimate of the target expectation. The noise bound can reflect finite precision simulation
or measurement. We train a linear predictor under an ¢; constraint using empirical MSE

(standard LASSO [20]).
Local neighborhoods and (discretization) features
For I C A and 6 € N,

Srs :={J € P<i(A) : dist(I,J) <4, diam(J) <4},
as in [27, Eq. 1]. Let X5 be a finite grid on the coordinates x; with J € S;s, with

mesh 5 chosen as in |27, Eq. 20| (by means of the gradient bound, Lem A.9) so that the
per-cell discretization error is < ;1. For 2’ € X, 5 define the cell

Ty = {x Dy — 2]l < 2 forall J € 5175},
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following [27, Eqs. 21-23]. The feature map is the indicator partition

QO(JJ)]@/ e 1($ c Tx/’j), hw(]?) = Z Z Wi gt gO(I)Lx/,

IesS Z‘IEX]’(;

scaled so that ||¢(z)[.c < 1. This produces m, < |S|N(e1) and the norm budget
|lw|ly < B:=71(0) N(e1) [27, Lemma A.11].

Remark 4.1. The neighborhood St selects the coordinates near I, and the grid Xy s tiles
this local parameter subspace by /£ -cubes of mesh d, chosen through the gradient bound
so that sup,cr,  [f1(x) — fr(2")| < e1|Orl|. Each cell T, r contributes a one-hot indicator,
so the feature map is a blockwise partition with ||¢(z)|| < 1 and h, acts as a table
lookup proxy for ), fr(z]s, ). From the step construction, we get m, < [S| N(e1) and
|lw|ly < 7(O) N(e1). The mesh-capacity trade-off mirrors bias—variance. A shrinking dy
lowers approximation bias but increases N(e1). Because d(g1) depends only on locality
(and temperature) constants, capacity is controlled by N(e;), with only a mild log |S]
term in the generalization bound.

Example 4.2 (Toy illustration: Ising chain). Consider a 1D transverse field Ising model

with local couplings = = (Jy, Ji,..., ho, h1,...). Let O = ZyZ; act on sites I = {0, 1}.
For neighborhood radius § = 1, the relevant set is

Sl,l = {J07 J17 h07 hh h2}7

e.g. the bond on [ itself, the adjacent bond, and the nearby fields. By locality, only these
five parameters affect (ZyZ;) up to exponentially (or polynomially) small tails.

Next, discretize each parameter to a mesh d5 chosen by the gradient bound; for instance,
with dy = 0.5 on [0, 2], each variable has grid {0,0.5,1.0,1.5,2.0}. The full grid X;; thus
has N(g1) = 5° = 3125 points. Each 2’ € X;; defines a cube

Tx’,I: {.CL'I ‘-TJ_-’L{]‘ < 672 VJe S]J},

and the associated indicator ¢(z)r,» = 1[z € T, ;]. For a given z, exactly one indicator
is active, so the feature map is a one-hot partition of the local parameter space.
The surrogate predictor

is a table lookup approximation to f;(x) = Tr[ZyZ; o(x)], with per-cell error bounded
by €1]|ZoZ1||. Summing over all I € S gives the blockwise structure described above.
Therefore, m, < |S|N(e1) and ||w|; < r(O)N(e;) follow exactly as in the general
construction.

This example shows how the abstract definitions work. Locality fixes the neighborhood
S5, discretization via d, ensures bias < ¢y, and the indicator features ¢ give a finite
dictionary.
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O—— 0 0000

Legend: O target sites in | = {0,1} transverse field (h)
= ZZ coupling (J)

(a) Full chain with observable O; = ZyZ; on sites I = {0,1} (green).

Legend: O target sites in | = {0,1} transverse field (h)

——— ZZ coupling (J) O neighbor site (d=1)

(b) Radius-0 = 1 neighborhood Sr; (green+orange) containing the relevant couplings
{Jo, J1, Ja, ho, ha, ha}.

J2 A
h2 o o 0 2
hl © O 1.5

Tz’,I
h0 & o]
1

j2 0 ol O o 0

0.5
10 O O 0
0o 0 0 0 0.5 1 15 2Jo

0 .5 1 1.5

(d) Indicator partition (2D slice;
(c) Discretization with mesh ds. axes in steps of d3 = 0.5).

Figure 4: Toy Ising illustration of the locality-discretization pipeline. (a) Select observable
support [ in the full chain. (b) Restrict to the d-neighborhood Sy s of relevant couplings.
(c) Discretize the local parameter space with mesh dy (highlighted intervals define 7. s).
(d) Represent each cube T,/ ; by a one-hot indicator feature ¢(x); ..

4.2 Locality reduction: choosing (e1)

We convert a global prediction task into a sum of local ones by proving that each target
term Tr(O; o(z)) can be uniformly approximated (to accuracy e1||O||) by a functional
depending only on the couplings within a radius-0 neighborhood of I. Remember that the
choice of § = d(e1) is only determined by locality physics. At T' = 0 we use quasi-adiabatic
spectral flow combined with LR bounds; at 7" > 0 we use quantum belief propagation plus
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thermal clustering. In both cases, distant couplings contribute only with exponentially
(or algebraically, for long-range) decaying weight, so truncating them brings about a
controlled bias independent of |A|. This is the bridge from physics to statistics. Once
d(e1) is fixed, the dictionary size N(e1) and the ¢;-budget 7(O)N(e;) in the LASSO bound
are determined by local shell counting rather than by system size.

For each I € S there exists a local functional f; acting only on the truncated parameter
vector x|, ; such that, for 0 < e, < e 1

Te(010(2) — filals,,)| < = (04l (21)

and therefore

Tr(Oo(x) = > flzls, ;)| < er(O0). (22)

IesS

All constants below are independent of |A|. The radius 6 = d(e1) depends on the interaction
decay and on the regime (gapped T'=0 vs. Gibbs T>0) as follows.

4.2.1 Short range (exponential)

2
Ground state (7=0) : do(e;) = — log2<£), pas = min{u, 2 },
€1

HGs 2uLR
1 Akl
Th 1 (T>0): ¢ = log — + -
ermal (T>0) :  dg(e1) M(Og CD) He = mm{2 8B(ULR+W/5)}

Here the GS form follows from quasi-adiabatic spectral flow and LR (Prop. A.3 /
Cor. A.3.1 of [27]). The thermal form (ds, ) is imported from our QBP/clustering
locality section, Sec 3.4.

4.2.2 Power law interactions o > 2D

For long-range tails the light cone is algebraic, and ¢ must control both the LR part and
the filter tail. In the GS analysis one obtains

v—D)

do(e1) > 05;1/( up to polylog factors

(Cor. A.6.1 of |27]); equivalently, dictionary growth matches the shell-counting exponent
below. In the thermal case, the same shell counting yields a polynomial truncation radius
(no extra log? factor from the quasi-adiabatic tail), by our QBP derivation.

Basis size per neighborhood.

Let N(e1) be the number of discretization cells on S; s needed to approximate each f;
within £; (indicator-partition features). With the above d(e;),

2 O(polylog(1/e1)) exponential decay,

2O(£;wlog(1/51)) " kD o> 2D
) V _ D7 )

N(El) =

so that m,, < |S| N(e1) and the true ¢; budget satisfies ||wl||; < r7(O) N(e1) [27, Lem. A.11].
These are exactly the quantities entering the LASSO generalization bound (Thm. 3.1
of [27]).
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Remark 4.3. Think of N(e;) as the number of cells per neighborhood needed to resolve the
local map z|s, ; > f1 to accuracy e;. Greater accuracy forces a finer mesh d,. Through
d(e1), we are able to increase the local dimension d; ~ [Srs|. With exponential decay,
the required cells grow exponentially. With power-law tails and o > 2D,they grow sub-
exponentially. The radius d(¢;) depends only on locality constants and not on n. N(ey),
and therefore m, and the ¢; budget, are system-size independent up to a mild log|S)|
factor in the bound.

4.3 Unified LASSO generalization bound

Theorem 4.4 (Unified ML generalization bound (LASSO)). Assume the locality hypotheses
of the previous subsection (short range with exponential clustering, or power-law with
a>2D), and fix a truncation radius § = 0(g1) accordingly.

Let O = Zles Or and use the indicator-partition features on Srs so that

my <[S|N(er), o)l <1, flwli £ B:=7r(0) N(e1).
Given a dataset D = {(z, y )}, with [y — Tr(O o(2@))| < e, let

N

1 » A 2

L G i R hw 5 R h = — h (Z) — (Z) ,
w arg,,iﬂ}élf; D () p(h) N2§—1< (@) —y")

and assume the near-minimizer condition

Then for any e1,e2,e3 € (0, 1), with probability at least 1 — -,
El|hs(z) = Tr(Oo(2))’] < (e1+e2)* + es, (23)
provided the sample size satisfies
N > Cr(0) ;% N(e)) ln(',yﬂ), (24)

for a universal constant C > 0. In particular, if r(O) = O(1) and |S| = O(n*) with
fized k = O(1), then N = O(logn) at fized accuracies.

Proof: we summarize steps from the proof of [27].

(1) Local approzimation. By locality, for each I there exists f; on St s with | Tr(Oy o(x))—
fi(@ls; ;)| < e1f|Oy][, providing us

Tr(Oo(x)) — Z fr(zls, ;)

IeS

< g 7(0).

(ii) Linearization over a bounded dictionary. Each f; is e;-approximated by N(e1)
indicator cells on S; s, producing a linear predictor h,s with ||wf||; < r(O) N(g;) and
training MSE < (g, + &5)%

(111) Empirical — population. By |27, Lem. 3.2] with r=1, A=m,,, B=r(O)N(e1),
and |27, Lem. 3.3|, the population risk of @ is bounded by the training risk plus a
complexity term of order B%\/Inm,, + In(1/7)/v/N. Choosing N as in (24) (e.g., [27, Eq.
(7)]) gives us (23).

O
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Remark 4.5 (Equality of GS and thermal bounds). Temperature enters only through the
locality radius d(e;) and the associated rates used to build the same feature dictionary
and the same ¢; budget B = r(O)N(e;1). Thus, the learning bound (23)-(24) is identical
in both regimes.

Corollary 4.6 (Equivariance reduction). If the interaction hypergraph Z has automorphism
group G = Aut(Z) and the model is made G-equivariant (tying weights along orbits), then
|S| in (24) is replaced by |S/G|. On a translation-invariant 1D ring and O =), O; with
O; translates of a fized local term, |S/G| =1 and the logarithmic factor becomes O(1).

4.4 Equivariance and sample-complexity reduction

Let Z = (A, E, h) be the interaction hypergraph and G = Aut(Z) its automorphism group
(permutations of sites that permute interaction terms). The group acts on subsets and
parameters by g/ := {gi:i € I} and (g-x); := x,y. In this notation the target map

f(Or,z) = Tr[Oro(x)]

is G-equivariant:

f(Ogr,z) = f(Or,9-2) Vgea,
as a direct consequence of the covariance of H(x) and o(z) under G |27, Lem. 3.4].
Additionally, the locality neighborhoods and discretization grids transform compatibly,
Sers = gS1s and Xy15 = g1 X, so the features ¢(z);, = 1z € T, ;] admit a
G-equivariant parametrization. Specifically, choosing weights to satisfy

Wy, = WJ, g=Llg! (all g c G)

enforces equivariance at the model level, ho () = ho,(g-x) [27, Prop. 3.5]. Under this
tying, one free parameter is retained per G-orbit in S, so the number of independent
coefficients drops from |S| to |\S/G|, and the logarithmic factor in the generalization bound
([27, Thm 3.1]) correspondingly decrease:
r(0)*
N = "9 ey otedissclm) .
3

e.g., replace log S| by log |S/G| [27, (Cor. 3.5.1)]. For a 1D ring with translations and
O =), 0; where all O; are translates of a fixed local term, |S/G| = 1 and the log factor is
O(1), yielding constant-in-n sample complexity. All statements here follow the equivariant
construction and bounds in [27].

Remark 4.7. The single observable reduction does not require distributional symmetry.
G-invariance of the sampling distribution matters only for multi-observable or shadow
extensions. Approximate equivariance, such as with open boundaries, still improves
conditioning in practice.

4.5 Random features and convolutional realizations

For a fixed locality radius ¢, the indicator-partition features may be replaced (in practice)
by random features on the local block Z;(z) := (21)ses, s

R
(I)RF(I)J,T = a(bIT’TZI(x)), FOI(ﬁ) = Z ag r (I)RF(JJ)I,r,

r=1
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with ii.d. by, and a bounded, 1-Lipschitz activation ¢ (e.g. tanh), scaled so that
|Prr(7)]|e < 1. In translation-invariant (more generally, G-equivariant) settings, tying
parameters along orbits produces a two layer convolutional realization and the same orbit
reduction |S|— |S/G| |27, Prop. 3.6, Sec. 3.2.3, Sec. 4.1].

Proposition 4.8 (Random Fourier Feature bound). Assume an RF model with R features
per block is used and normalized so that ||Prr ()|l < 1, and (optionally) weights are tied
along G-orbits so that only |S/G| blocks remain free (Sec. 4.4). If there exist coefficients
with ||w|; < Bry whose training MSE is at most (e1+¢2)? (here €1 is the locality/truncation
error from Sec. 4), then the same linear {1 generalization machinery used in Theorem 4.4
applies, yielding

E[|hg(z) — Tr(Oo(x))]?] < (e1+e2)” +e3

whenever

N > C Bfpe;? 1H<M) M= R|S], no tying,
i o e R|S/G|, with tying,

for a universal constant C' > 0.

Including temperature as an input

Fixed . If all data are at a single fy, appending 3 to Z; has no effect (it is a constant
coordinate). The feature linear bound and Prop. 4.8 remain unchanged.

4.6 Complexity summary and limitations

Sample complexity and risk

Under the locality setup of Sec. 4 (short range with exponential clustering, or power-law
with o > 2D), using the locality dictionary with m, < |S| N(e1), ||¢(2)]|e < 1, and
|lw|ly < B:=1r(0) N(e1), the LASSO estimator w satisfies, with probability at least 1 — -,

E[|hw(m) —Tr(O a(m))ﬂ < (e + 82)2 + €3,
provided
N > Cr(O) N(e))es? 1n<@),
for a universal constant C' > 0.

Growth in n and &
If r(O) = O(1) and |S| = O(n*) with fixed k = O(1), then

2 O(polylog(1/e1)) short range,

— -2 —
N = O(N<€1)83 logn), N(€1> o 20(61_‘“ log(1/61))’ w = kD . a>2D.
V J—

Equivariance adjustment

If weights are tied along G-orbits (Sec. 4.4), replace log|S| by log|S/G|. For a 1D
translation-invariant ring with O = ). O; (translates of a fixed local term), |S/G| =1
and the log factor is O(1).

Once locality fixes d(g1) (GS with QASF, thermal with QBP), the same LASSO
analysis applies in both regimes; thermalization changes only the locality rate through g,
not the learning form of the bound.
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5 Experiments

In this section, we evaluate the performance of the locality-based LASSO model in
predicting thermal quantum observables, following the framework of Smid et al. [27].
We consider one-dimensional Heisenberg and long-range Ising chains at various inverse
temperatures (§ = 1,3,5,7,10). For each system, we generate datasets of coupling
parameters and corresponding thermal expectation values of chosen observables, and we
examine how the number of training samples required for a fixed accuracy scales with
system size. The results are compared against theoretical predictions (e.g., logarithmic
scaling in system size), with attention to any deviations in regimes where the theory’s
conditions may break down.

5.1 Data

Notation

We write L for chain length and use a fixed temperature grid 5 € {1,3,5,7,10}. Couplings
are i.i.d. draws (specified below). Observables are normalized so their variance is O(1)
across L.

5.1.1 Models studied

Definition 5.1 (Heisenberg chain). A spin—% nearest-neighbor Heisenberg model on a 1D
chain (open or periodic),

H = Z Jij (Xin +YiY; + Zz’Zj)a
(i5)
with i.i.d. bond couplings .J;; ~ Unif[0, 2] (as in prior work).

Definition 5.2 (Long-range transverse field Ising chain). A power-law Ising model with

transverse field,
JiJ;
H = D77+ h; X;,
I D>

i<j

with site couplings J; ~ Unif[0, 2] and a uniform field h; = h. We consider a = 3 (fast
decay, a > 2D in 1D) and o = 1.5 (slower decay, o < 2D).

Remark 5.3. The Heisenberg model tests short range locality, while the long-range Ising
family probes how weaker locality (« smaller) impacts learning difficulty and required
truncation radii.

5.1.2 Targets and normalization

Definition 5.4 (Measured observables). For Heisenberg we use the two-site correlator
and the energy. To compare fairly across L, we report a standardized extensive observable

- 1
Ciiv1 = %(XiXi+1 + YY1 + ZiZi+1)a Ep = ﬁ Z Jij (Xin +YiY; + ZiZj)
(i7)

and analogously standardized sums for Ising. This keeps label variance O(1) as L grows.

Remark 5.5 (Scale choice from [27]). Standardizing sums by v/ avoids trivial shrinkage
of variance with L and makes a fixed RMSE threshold comparable across sizes.
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5.1.3 State preparation (imaginary-time TEBD)

Definition 5.6 (Purification via imaginary-time TEBD). We prepare thermal states by
evolving the infinite-temperature purification |1(0)) on system®ancilla to |¢(5/2)) =
e PH/2|3)(0)) and set

ps o< Tranc[ [0(B/2))(¥(8/2)]],

e.g., imaginary time runs only to /2 because H acts on the physical system while the
ancilla is traced out [26, Egs. 237-238|. Time evolution is performed with second-order
(Strang) Trotter-Suzuki TEBD: split H = ), h into even/odd layers and apply two-
site gates 27" alternately, followed by SVD-truncate after each gate [30, 4]. The
purification /ancilla approach to finite-temperature DMRG is standard [26, 4].

Remark 5.7. Purification halves the imaginary-time budget (to §/2) and lets us reuse
standard two-site TEBD. For gapped short range models, Lieb-Robinson locality keeps
required bond dimensions moderate.

5.1.4 TenPy realization (nearest-neighbor) [13]

1. Initialization. Build the MPO H (e.g. HeisenbergChainOpenBC) and create the infinite-
temperature purification [¢(0)) with PurificationMPS.from_infiniteT.

2. Engine. Use tenpy.algorithms.purification.PurificationTEBD with second-order
Trotter-Suzuki, step size A7 (code variable dt), and truncation parameters (max bond
Xmax, SVD cutoff). Each Trotter layer applies two-site gates then SVD-truncate.

3. Scheduling. For a monotone grid ) < --- < Bk, call
eng.run_imaginary((beta_k - beta_{k-1})/2) so that the cumulative imaginary
time equals 3 /2 after step k.

4. Measurements. After each step, contract MPO/MPS to obtain the standardized energy
(we report Ep, for ML) and the two-site correlator C; ;11 = %(XZ-XiH +YYi+2:Zi41).
We monitor discarded weight to track truncation error.

Long-range specifics (a = 1.5,3)

We approximate 1/r* by a short sum of exponentials on [1, L] to form a tractable MPO;
evolution uses either TEBD (when the layout permits) or PurificationApplyMPQ with the
same SVD-truncate controls. These runs are costlier due to larger MPO bond dimension.

5.1.5 Validation and scope

For L <20 we cross-check against exact diagonalization. For larger L we use the purification-
TEBD pipeline with tight SVD cutoff and sufficiently large x,.x. The dataset comprises
input and output pairs (z, 8) = (O),,() for L € {8,...,128} and 8 € {1,3,5,7,10}.

5.2 Machine learning setup

Objects and locality

As in Sec. 4, we use the radius-0 neighborhood S;s and its local grid X;s to restrict
predictors to nearby couplings (see Eq. 21 for the truncation guarantee).
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Let O =} ;.5 Or with supp(Oy) = I C A and |I| < p = O(1). Write the Hamiltonian
parameters as x = () sep_,(n)- For 0 € N, define

Sre =4J € P<(A) : dist({,J) <6, diam(J) <6 }.

Definition 5.8 (Local parameter block). For each I €S, set Z(‘S) (2) == (/) ses,,, € RT®

and augment with the inverse temperature: z[ (z,8) = ( V(z), B) € RO+

Remark 5.9. ZI(J) is the local view of = available to Oy; locality bounds imply sites farther
than ¢ contribute only exponentially /polynomially small tails, so we truncate them.

5.2.1 Random Fourier features [24]

These randomized smooth features are a practical replacement for the indicator-partition
features used in the proof (Sec. 4.5), preserving the same locality factorization.
Let R € N and draw i.i.d. wy,...,wr ~ N(0,7]) with bandwidth v > 0.

Definition 5.10 (RFF map). For z € R+ define
orrr(z) = (cos(wy 2), sin(w; z), ..., cos(wpz), sin(wgz))T c R~
The global feature vector is the concatenation
) (z, 8) == [drrr(z” (2, 8) ] ;eg ER™,  mo < 2RIS|.

Remark 5.11. RFFs give a smooth, bounded basis for functions of the local block z}é),
acting as a differentiable proxy for the indicator locality features (that we had mentioned
in Sec 4) while preserving spatial decoupling.

5.2.2 Predictor and training
Definition 5.12 (Linear predictor with ¢; budget). We learn

N

ho(z, B) == (w,®®)(z,)), @ € arg min Z B D) — y®)*.

holi<B N &

Remark 5.13. The ¢, constraint encourages using only a few local features per neighborhood.
Effective capacity is governed by (mg, B); ¢ (from locality theory) controls bias, while
(R,~, B) are tuned by cross-validation.

Equivariance

Remark 5.14. If the interaction hypergraph Z = (A, E,h) demonstrates a nontrivial
automorphism group G = Aut(Z), we tie parameters along orbits: for g € G, set
wgyr := wy after transporting inputs accordingly. This reduces free parameters from |S| to
|S/G| and tightens the log-factor in the sample complexity. Symmetry tells the model
that equivalent neighborhoods should be treated the same, so a single learned coefficient
generalizes across all symmetry related sites.
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LASSO model and training
Our LASSO objective matches the £;-constrained ERM analyzed in Sec. 4. The sample-size
requirement and population risk are given by Thm. 4.4.

Definition 5.15 (Predictor and objective). Given the feature map ®©®(x, 3), we learn
an affine predictor

9, 8) = yo + (w, ®(z, B)),
by solving the LASSO problem

N2
min NZ( — 1o — (w, O (z (),ﬁ(l)») + AMwl,

yo,w 2

where A > 0 is the regularization strength.

Remark 5.16. The ¢, penalty encourages using only a few local features per neighborhood,
controlling variance and improving interpretability. Its effect is complementary to the
truncation radius d (bias) and the RFF budget R (approximation quality).

Hyperparameters and calibration.

Definition 5.17 (Chosen grids and reuse of features). We fix the locality radius to § =4
(sufficient under exponential clustering) and tune the remaining hyperparameters by 5-fold
cross-validation over

R € {5,10, 20,40}, v € {0.4,0.5,0.6,0.65,0.7,0.75}, Ae {278 277 270 275,

Once selected, these hyperparameters are held fixed across all system sizes and /3 values
for the given model. A single draw of RFF frequencies {w, }®, is used to construct all
training and test features. We do not re-sample €2 between splits.

Remark 5.18 (Why fix €2). Keeping the same random features defines a single kernel space
for the entire study, ensuring that changes in performance reflect physics (size/temperature)
rather than feature re-sampling noise.

5.2.3 Sample-complexity protocol

Definition 5.19 (Procedure for N,q(n)). For each model, system size n, and inverse
temperature :

1. Draw a held-out test set of Nt = 40 fresh disorder instances.

2. Train on an increasing number N of i.i.d. training samples from the same distribution,
starting small and incrementing N.

3. After each increment, compute the test RMSE and record the smallest N achieving
the target accuracy e.

4. Repeat with several random seeds (we report mean + one standard deviation of Neq).

Targets follow the literature: for Heisenberg, ¢ = 0.55; for long-range Ising, ¢ = 0.30
at « = 3 and € = 0.15 at @ = 1.5. The resulting N,eq(n) traces the empirical sample-
complexity scaling.
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Implementation note

All models use scikit-learn’s LASSO (coordinate descent, with intercept) [23]. Results
are stable across random seeds for the training order, cross-validation folds, and the fixed
RFF matrix 2.

5.3 Results

5.3.1 Heisenberg model

Heisenberg (open): logarithmic sample complexity.

Across all temperatures the required samples grow only logarithmically with system size,
in line with the locality-based prediction for short range gapped systems. Temperature
mainly changes the prefactor of the Inn fit. The mid-temperature case S5 is easiest,
since its fitted coefficient of the log term is smallest (panel values are ag—1 ~92, a3~ 73,
as~40, a;~64, a;p~71), and the data adhere most closely to the alnn + b+ ¢/n curve.
This matches the physics intuition. At low 3 (high 7") thermal averaging weakens the local
signal, while at high 3 the correlation length increases and the thermal state approaches
the ground state. With a fixed locality radius (6 = 4) the optimal truncation radius 6*(3)
likely grows, so under-truncation introduces bias that offsets any expected gain from being
closer to the GS. As a result, we observe a shallow increase in samples at large [ relative to
the mid-3 case. Residual scatter around the fit stems from disorder realizations and finite
test sets, as well as machine learning variability from cross-validated hyperparameters and
finite RFF features, and is largest for small n where the ¢/n finite-size term dominates.
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Sample complexity for the disordered Heisenberg chain (open boundaries)
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Figure 5: Required training samples Nyeq(n) to reach e = 0.55 as a function of system

size n for 5 € {1,3,5,7,10}. Points are individual trials; solid curves show the fit
N=alnn+b+c/n.

Temperature sweep at fixed size.

At fixed chain length (n = 32) and locality window (0 = 4), Fig. 6 plots the training
samples needed to reach e = 0.55 versus  (mean + 1o over five repeats; faint points are
per-repeat counts). The dependence is a shallow U-shape: N, is smallest around f~4-5
(mid-20s on average), with mild increases and larger dispersion near a2 and S~6. For
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£ 2 8 the mean returns to the same plateau. Our interpretation of this is twofold: at
low 5 (high T") thermal averaging flattens the local signal, requiring more data, while at
higher 5 the correlation length grows so a fixed radius 6 = 4 under-captures longer-range
influence, slightly increasing bias/variance and thus N,.

Temperature dependence at fixed size (open boundaries)
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Figure 6: Required training samples N;, to reach e = 0.55 versus inverse temperature (3 for
a fixed system size (here n = 32) and locality window § = 4. Error bars show mean + 1o
over 5 repeats; faint points are the repeat trials. Random Fourier features and LASSO
hyperparameters were selected by cross-validation.

Heisenberg (periodic): constant-in-n via equivariance.

With periodic boundaries the predictor is tied across translation orbits, so the number of
free coefficients is independent of n (one orbit of nearest-neighbor bonds). Locality then
implies that the distribution of §-neighborhoods is stationary in n, so the generalization
error at a fixed training budget should be almost constant. We observe this behavior for
each 5 € {1,3,5,7,10}, where the RMSE curve is flat within error bars as n ranges from
8 to 128. The B sweep reflects physics rather than size. Errors are smallest at low or
intermediate temperatures (e.g. S/ 1 to 5) and slightly higher at large [, consistent with a
growing correlation length that a fixed radius § = 4 undercaptures. Residual fluctuations
at very small n arise from finite-size effects and disorder averaging, not from a systematic
trend with n. Overall the figure supports the symmetry prediction. Once equivariance
reduces the parameter count from |S| to |S/G| = 1 the sample complexity does not grow
with system size, in contrast with the logarithmic growth under open boundaries.
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Prediction error for the disordered Heisenberg chain (periodic boundaries)
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Figure 7: Average RMSE for the energy predictor as a function of system size n at fixed
training budget, for inverse temperatures g € {1,3,5,7,10} (panels (a)-(e)). Green dots
show individual trials; the blue curve shows the mean across trials with error bars. The
error remains approximately constant with n, indicating that the number of training
samples required to maintain a fixed accuracy does not grow with system size in the
translationally invariant setting.
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5.3.2 Long-range Ising model

Long-range Ising model (a = 3): logarithmic scaling in the fast-decay regime

We examine the long-range Ising chain with power-law interactions 1/r3, which lies in
the regime o > 2D where efficient learning is theoretically expected. We predict the
normalized energy (a sum of two-body Z;Z; terms plus transverse field terms) at several
temperatures. For a fixed accuracy € = 0.3, the required training set size grows only
logarithmically with n: for n > 8 the data fit well to Nyeq(n) = alnn + b+ ¢/n. The
leading Inn behavior agrees with the finite-temperature learning applied to a > 2D,
reflecting that correlations decay sufficiently fast to keep the effective model complexity
in check (see Fig. 8).
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Sample complexity for the long-range Ising chain (a = 3)
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Figure 8: Required training samples N,.q(n) to reach e = 0.3 as a function of system
size n for 5 € {1,3,5,7,10}. Points are individual trials; solid curves show the fit
N =alnn+ b+ ¢/n. The near logarithmic growth across temperatures is consistent with
the a > 2D theory.

Long-range Ising model (o« = 1.5): deviation from efficient scaling in the
slow-decay regime

We finally consider the more demanding av = 1.5 case, which violates the a > 2D condition
(with 2D = 2 in 1D). In this regime the interactions are sufficiently long-ranged that
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the locality-based theory does not guarantee efficient logarithmic learnability. Consistent
with this, our experiments show clear linear scaling. To reach a comparable accuracy (we
use € = 0.15), the required training set size grows much faster than logarithmically and
is roughly linear over the sizes we could simulate. A fit of the form N ~an+0b+c/n
captures the data well.

Computational note. Generating data at o = 1.5 is notably more expensive than for a = 3.
Our TenPy-based simulator represents the 1/r® tail by a sum of exponentials fitted on
[1, L], which increases the MPO width and, together with imaginary-time purification
TEBD, drives the bond dimension adaptively (up to a cap). Each 8 point requires
evolving the purification to 5/2 with adaptive time steps and repeated recompressions; see
the code excerpt above (_fit_power_law and _simulate_beta) ) for the exact routine
(sum-of-exponentials fit, adaptive y, stopping criteria). Because of this computational
cost we report two representative temperatures, 5 = 1 and 5 =5 (Fig. 9). We caution
that these two panels do not necessarily capture the asymptotic convergence of the energy
at those 8 values (the TEBD stopping rule balances accuracy and runtime), and thus
the displayed Nyeq(n) should be viewed as indicative rather than definitive. Nonetheless,
we do reveal a qualitative trend: the a = 1.5 chain demands many more samples as n
grows than the o = 3 chain, emphasizing that slow decaying interactions degrade the
effectiveness of locality driven learning. This aligns with theoretical expectations that
when interactions are too long-ranged (or correlation lengths too large), the underlying
locality assumptions fail to curb the model complexity, and the sample complexity may
grow polynomially in n rather than logarithmically.

Sample complexity for the long-range Ising chain (« = 1.5)
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Figure 9: Required training samples N,eq(n) to reach e = 0.15 as a function of system size
n for the inverse temperatures shown (panels (a)-(b)). Points are individual trials; solid
red curves show the fit N = an + b+ ¢/n. The growth is significantly steeper than Inn,
consistent with the breakdown of the efficient learning regime when o < 2D.
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6 Conclusion and Future Work

6.1 Conclusion

This dissertation develops a unified locality framework for learning observables of quantum
lattice systems at both zero and finite temperature by placing quasi-adiabatic spectral flow
(QASF) and quantum belief propagation (QBP) on the same standing and deriving machine
learning guarantees. On the physics side, we recognize common derivative identities (Eqs.
1-2) and prove that the propagation filters are quasi-local under Lieb-Robinson (LR)
dynamics. In the thermal setting this produces the explicit decay rate

uﬁ—min{z, = },
2" 8B (vir +7/P)

and the logarithmic radius—accuracy law
1 K
dp(e) = — (log =L+ CD) )
M €

while at =0 we import the ground-state law do(¢) = -2 log”(c/e) with pgs = 11/2 (Sec.

HGS

3.3). These locality inputs can be placed directly into a unified LASSO generalization
theorem with sample complexity O(N(e1) €52 log|S|) and an equivariance reduction |S|—

|S/G| producing constant-in-n behavior on translation invariant rings (Thm. 4.4, Cor.
4.6).

Short- vs long-range locality bounds.

e Short range / exponential interactions. Quasi-locality of the filters holds with
exponential tails:

B B —u/ dist(A,B¢ _ : T
|95 (ha) = @) (ha)| < €Al e =50y = pmind §,

and, at T=0,

3 c is c 7(N71)
|95 () = @) ()| < CulAll[hafle = AEI2 1 | A (£HAE2)

VLR

These suggest the radius laws stated above: dy(e) = ﬁlogQ(C/e) and dz(e) =
,ugl(log(Kﬁ/e) +cp) (Secs. 3.3.1, 3.4.1).

e Long range / power-law interactions (« > 2D). Quasi-locality degrades to a
polynomial tail:

. c —p
[®5(ha) = B, ()| < C 1AL all (14 L2 = (o, D) > 0,
leading to polynomial radius laws. Specifically rendered as

do(e) = e Y¥=D) (up to polylog factors), op(e) < e V@D w(a, D) = p(a, D)—D,

~Y ~Y

while for v < 2D no uniform truncation is possible (Sec. 3.3.1, Sec. 4.2.2).

o1



Empirically, we validate these predictions on (i) short-range Heisenberg chains, observ-
ing Nyeq(n)~alnn + b under open boundaries and size-independent error under periodic
equivariant training (Figs. 5-8); and (ii) long-range Ising chains, where the « = 3 > 2D
case (fast decay) exhibits near-logarithmic growth (Fig. 8), while o = 1.5 < 2D (slow
decay) departs from the efficient regime and shows roughly linear growth over accessible
sizes (Fig. 9). These results align with the theory. Exponential (or sufficiently fast)
clustering supports small truncation radii, whereas a < 2D removes uniform truncation
guarantees and inflates sample complexity (Secs. 3.3, 5.3).

6.1.1 Summarized Contributions

e Foundations reproduced and standardized. QASF (T=0) and QBP (7">0) recast in a
common notation; derivative identities and quasi-local generators/filters stated under
a unified LR-data convention; uniform assumptions collected (QBP identity, kg
A-split, two-dynamics LR, and quasi-locality of ®(?) so all constants are independent
of the system size.

e New theoretical results. Unified locality for GS and thermal phases; explicit rates jiz
and radius laws dz(e) (short range) and their polynomial analogues (long range); 7'=0
law do(e); and a unified LASSO bound with equivariance reduction |S| — |S/G|.

e Douwnstream ML guarantees. Local feature map ¢; s with bias control < &,[|Oy|[; sam-
ple complexity O(N(g1)e3?log|S|); constant-in-n behavior on translation invariant
rings with parameter tying.

o Empirical validation. Purification-TEBD pipeline confirms the theory across tem-
peratures and boundary conditions: open-boundary Heisenberg ~ logn; peri-
odic/equivariant Heisenberg nearly constant-in-n; Ising with =3 ~ logn; a=1.5
roughly linear.

6.2 Future Work

F1. Complete the o = 1.5 study across all j.

Goal. Systematically map Nyq(n) for @ = 1.5 over the full temperature grid g €
{1,3,5,7,10} (and, time permitting, a finer grid), extending the indicative results in Fig.
9.

Protocol.

e Fix observables and training target € as in Sec. 5.2-5.3.
e For each f3, sweep n and fit Nyeq(n) to an + b+ c¢/n.

Rationale. For a < 2D the LR analysis implies only logarithmic-cone control (no
uniform exponential clustering), so truncation cannot be made small uniformly in r and
sample complexity can grow polynomially with n (Sec. 3.3.1, Long-range). Hopefully, this
experiment can quantify that polynomial behavior and its dependence on £.
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F2. f—sweeps at different locality radii ¢ € {2,6}.

Goal. Make the 5+ 0*(3) tradeoff more exact by repeating the Heisenberg and oo = 3
Ising experiments with fixed radii 6 = 2 and ¢ = 6, tuning the ML hyperparameters for
each (3, 9), and plotting test error and Nyeq vs. [5.

Hypothesis. The theoretical prediction dz(c) = i <10g % + CD> (Cor. 3.19) says

that as [ increases (lower T'), ug may decreases because of the /5 in the denominator,
so the optimal radius grows. Therefore, we expect 6 = 2 to under-truncate at large
(increased bias), while 6 = 6 may be over-conservative at small 8 (risking overfitting and
increased variance). Mapping these cases will empirically verify the manipulation of 1
derived from QBP-+LR (Prop. 3.14, Lem. 3.17, Cor. 3.19).

Deliverables. For each model: (i) curves of error and Nyq vs § at § = 2,6; (ii) an

empirical §* (B) from cross-validated performance.
F3. Sampling $ from a distribution.

Goal. Treat temperature as a random input and study multi-temperature generalization:
How does training with § ~ P() affect Nyeq and error at held-out /5 values?
Protocol.

e Use the same locality radius ¢ and feature map as in Sec. 5.2, keeping ( as an
explicit feature.

e Consider P(f3) choice at first from a uniform on [1,10]. We can experiment with
other distributions as well.

e Compare to single § baselines and evaluate worst-case and average test error across

B.
F4. Local neural network (GS & finite T') per [31].

Goal. Reproduce the constant-in-n ground-state result of [31], then apply the same local
network to finite temperature. Compare against our LASSO/RFF baseline.

Model (basic, local MLP). For each symmetry orbit [I] of local blocks, use a small
two-layer tanh MLP fy shared across the orbit and sum the outputs:

GS: f(z) = Zwm fg(Z}g) (2)), Thermal: f(z,8) = Zwm fg(Z}é) (z), B).
(1] 1]

Train with squared error.
Protocol.

(i) GS replication. Heisenberg benchmark. Sompare Sobol vs. uniform sampling. Report
train/test RMSE and simple norms (last-layer ||w||;, max weight).

(ii) Finite-T extension. Use the theory based radius § = dz(e) (Cor. 3.19). Mea-
sure Nyeq(n) and RMSE for Heisenberg (short range) under periodic (equivariant)
boundaries.

Outputs. Curves of N vs. RMSE and N,e(n) fits (log vs. poly), gains from tying
(IS|=15/Gl).
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